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�Q)5�$'4�">�)�ç|'�)-)$@".¢��>�)±Ò"�����"#3)³/zy{� !"!�),>��$!"8 � ��#3��)-' Õ ��é$é Á ×d@1äm?"� +�?�� '�8�)-7|!")-8��$'

üÐ>
(
ü � | / �

) =
∑

j

�
(fj = 1, Fj = 1)

/
∑

j

�
(fj = 1) Õ B�×

äm?")->�)
Fj =

∑

i∈U

�
(Xi = j) j = 1, 2, ..., J Õ Á ×

�$!�8

fj =
∑

i∈s

�
(Xi = j) j = 1, 2, ..., J Õ E{×

E



�$>4)���?")��*���"��#w����� ��!��$!"8�'2�$�Q�"# )m.¢>�)/�{�"),!"+-� )-',@">4),'��*),+d�2�:��),#:;�@
Xi

� 'Ð�2?")����$# �")��$.
X.¢��>���?")

i
�2?¾��!"�3���$!"8x�

(.)
�3'���?")³� !"8"�3+5������>^.¢�"!"+d�2�3��!A���

(
%

) = 1
�3.

A
�3'���>��")e�$!"8

�
(
%

) = 0
�$��?"),>~äm� '�) �

á ?"�3'�� '^�2?�)³+-��!"8"�:�2�3��!|�$#*�">��$�|�$�"�3# �3�<;Q�2?"���5@�.¢�$>��p�"!"�3�m>��$!"8"�$��#:;·8">��5äm!�.¢>4���
��?")Ã�*���"�"# ���2�3��!A@��2?")Ã��!"�3�å�3'��*���"�"# ���2�3��!¾��!"���{�")ÃØ$�3��)-!��2?|���(�2?")p��!"�3��� 'æ'��$����# )
�"!����{�") �

á ?")���?"� >48·�Q)5�$'4�">�)�ä^��'��">4���C�$'�),8·�{;X/zy{� !�!"),>��$!"8 v # #3� �$� Õ B$D�D9B$× �Oá ?�)æ��),�}�
'4�">�)s� 'm8")-7"!"),8È�$'m�2?�)s�">4���|�$��� # �:�<;·��?|�������"!"�,�{�")s������+�?¾�*)-�<äÑ),),!È�Q���3+,>4�z8|�}���
>4),+,�$>�8x�$!"8��Q�*���"��#w����� ��!X��!"�3�m�3'�+,��>4>�),+d�5@

θ =
üÐ>

(
+,��>4>�)-+-�b�����2+�? | �"!"�,�1��)M������+�?

) Õ Ë�×
äm?"�3+�?���?")-;X'�?"��äÑ),8�+-���"# 8S�*)U)dÒz�">�)-'�'4),8��$'

θ =

∑
j

�
(fj = 1)

∑
j Fj (fj = 1)

, Õ Ô9×
�:.��2?�)��"!��3�s� 'U8">2�5äm!��}�e>��$!"8"��� .¢>4��� �2?�)��*���"�"# ���2�3��! � � .�� !"'~�2),�$8���?")·�"!��3�³� '
8">��5äm!r���M>2�$!�8"���ã.¢>��$�ã�2?")�'2�$�Q�"#3)$@9�2?")-� �2?"�3'M+-��!"8"�:�2�3��!|�$#|�">4���|�$��� # �:�<;Ã���5;p�C)
)±Ò���>�),'4'�)-8��$'

θs =

∑
j F−1

j

�
(fj = 1)

∑
j (fj = 1)

.

á ?"�3'�� '��2?�)U.¢�$�">4��?��Q)5��'��">4) �
á ��)-'4�2�3�·�}�2)

θ
äÑ)s8")d7|!")å�2?�)³�*���"��#w����� ��!X.¢>4)��{�"),!�+,� )-'(��. .¢>4)��{�"),!�+,� )-'

Nr

�$'

Nr =
J∑

j=1

�
(Fj = r) r = 1, 2, ... Õ ��×

°|��>²)±Ò��$����# )$@
N1

� '²�2?�)�!1���Ã�C)->Ð�$.*�C�����"#w����� ��!e�"!"���{�")-' �0á ?")m'��$����# )�{�|�$!9���3�2�3),'

Ë



nr

�$>�)U8")d7|!"),8¾�$!|�$#3��Ø�����'�#3;
Nr

�0á ?")³'2�$�Q�"# )(.¢>�)��{�")-!"+,�3),'��$.V.¢>�)��{�")-!"+,�3),'(�$>�)

nr =
J∑

j=1

�
(fj = r) r = 0, 1, 2, ... Õ Ä ×

/zy{�3!"!"),>��$!"8 v #3# �3�$� Õ B$D$D9B�×²'�?"��äÑ),8X��?|���^��!"8"),>Ñ'��3���"#3)m>2�$!"8���� '2�$�Q�"#3� !"Ø
θ

���5;
�*)U),'4��� �����2)-8r+,��!�'�� '~�2)-!{��#3;r�9;��p'��3����# )æ�*��� !9�m)-'4�2�3�·�}�2��>���'

θ̂ =
πn1

πn1 + 2 (1 − π) n2
Õ é9×

äm?")->�)
π = n/N

� '^��?")U'2�$�Q�"# �3!"ØÃ.¢>2��+-�2�3��! �
%�'²äÑ)�!"�$��)�.¢>��$� Õ Ô9×O�$!"8 Õ é9×d@

θ
�$!"8

θ̂
�$>4)^'2�$�Q�"#3)�8")-�C)-!"8"),!9� �0á ?")-;p8�),>��:��)-8

��?")å�$��>��w��!"+,)å�$.
θ̂ − θ

�$'

ν = c2
J∑

j=1

Fj (Fj − 1) (πFj − 3π + 2) (1 − π)Fj−1 ,

äm?")->�)

c =
[∑

Fjπ (1 − π)Fj−1
]/ [∑

F 2
j π (1 − π)Fj−1

]2
.

%(!x)-'4�2�3�·�}�2)æ�$.
ν

� '�Ø��:��),!��9;

ν̂ =
2 (1 − π) [3 (1 − π)n3 + (2 − π)n2]

[πn1 + 2 (1 − π)n2]
2 θ̂2

�<!�'��"�Q���$>4;$@z�2?�)U.¢�$�">m��),�$'��">4),'��$>4)$�
ü0>

(
ü �

) =
∑ �

(fj = 1, Fj = 1)/n,

üÐ>
(PU |SU) =

∑ �
(fj = 1, Fj = 1)

/∑ �
((fj = 1),

θ =
∑ �

(fj = 1)
/∑

Fj

�
(fj = 1) ,

Ô



�$!�8
θs =

∑
F−1

j

�
(fj = 1)

/∑ �
(fj = 1) ,

äm?")->�)¾�$# #��2?�)x'4�"��������� ��!"'Q�$>4)x���$),>
j = 1, ....., J

� ê )x!"�$��)���?|���5@Ñ�2?")�7|>�'~�
�<äÑ����),�$'���>�),'e�·�5;��C)·� !9�2)->��">4)-�2)-8Ê�$'s��?")X�">4���*��>4��� ��!"'³�$.m'��$����# )·�3!"8"�:�z�38"�|�$#3'
��>M'2�����"#3)m�"!"���{�")(� !"8��3�1� 8"�"�$# '-@9>�),'4�C)-+-���3��)-#3;$@zäm?"�3+�?r�$>�)��*���"�"# ���2�3��!Â�"!"���{�")�ç�'4),)$@
.¢��>p)±Ò��$����# )$@M°O�3),!{�*),>�Ø��$!�8 = �$y$��� Õ �5é�é Ä ×e��!"8Ï/z�$�Ã�")-# ' Õ �5é�é Ä × � /z� !�+,)r��!"#:;
'��$����# )Q�"!"���{�")·>�),+-��>�8�'Ã+5�$!��*)·�*���"��#w����� ��!��"!"���{�")Qä�)r�e�"'4�e?|�5��)Sü0>

(PU) ≤ü0>
(PU |SU)

�$!"8Ê�2?�)x# ������),>Â��),�$'���>�)��·�5;��*)S�2>�),���2)-8Ï�$'Q�Q��>�)S+,�$!"'�)->4�����2�:��) �
/zy{�3!"!"),>��$!�8 v # #3� �$� Õ B$D�D�B�×^�$>�Ø$�")$@�?"��äÑ)-��)->,@*�2?|�����*�$�2?S�2?�),'�)³�Q)5�$'4�">�)-'(���5;r�C)
����)->~� �����2�3���3'4��� +$@1�*),+5���"'�)U�2?")d;X.«�$�3#C�2�Â>4)/0|)-+-���2?")U>��3'�y·�$>��3'�� !�Øe.¢>���� �$��# �")-'��$.

Xäm?"�3+�?e��>�)²�<äm� !�' Õ Fj = 2
×±@���>��3�"# )-' Õ Fj = 3

×A�$!"8U'4�m.¢�$>4�2?&@���!"8³��?")-;æ� !9�2>4�z8"��+,)²�2?�)
��?"� >48·�$!�8�.¢���">~�2?Q��),�$'���>�),' �0á ?"),'4)����5;Â�C)�� !9�2)->��">4)-��),8X��'M��?")(��>����|���"� #3�3�<;e��?|���
�$!e���"'�)->4�$),8Â�·�}�2+�? Õ ��!e�2?�)^y$)d;e���$>�� �$�"#3),'�×6�*)-�<äÑ),),!Q��'��$�Q�"# )Ñ�"!"���{�")Ñ� !"8��3�1� 8"�"�$#
�$!�8Ï�Úy{!"��äm!Ï�3!"8"�3�1�38"�|�$#��3!
�2?�)¾�*���"�"# ���2�3��!Ê� 'Q� !
.«��+-��+,��>4>�),+d�5@m�$+-+,��>48"� !�Ø��2�
äm?")d�2?")->M��?")m� !"8��3�1� 8"�"�$#��3'M8�>2�5äm!·�}�Ñ>��$!"8"�$� Õ äm�:�2?Â)��{�|�$#��">4���|�$��� # �:�<;�×V.¢>����û�2?")
�*���"�"# ���2�3��!A@$.¢�$>

θ
@z�$>Ð.¢>4��� ��?")('��$�Q�"# )m�"!"�,�{�")(+,�$'�)-',@1.¢��>

θs

�²ê ?")d�2?")->
θ

��>
θs

� '
���Q��>4)�>�),�$# �3'4��� +M��),�$'��">4)^8")-�C)-!"8"'0�"�*��!Ã�2?�)��$'�'4�"�Q),8Ã�2?�>�)5�}�².¢>����¦��?")^� !9��>��"8")->,@
�"�z�(�:�^äm� #3#A�$#:ä^�5;1'm�C)å��?")U+5�$'4)³��?|���

θ ≤ θs.

1 klcdcdN(] J,ort ÿ�NUL I J,abK�c-Rsaba6J32¾K�RUTbJdNeo J,o R 4ÊJ-cd[hcd[5Ã[�c
�<!å�2?�� 'A'4),+-��� ��!åäÑ)Ð)dÒ1�2)-!"8³��?")08")d7|!"�3��� ��!å��.

θ =
ü0>

(
+,�$>�>�)-+-�V�����2+�? | �"!"�,�1��)0�·����+�?

)�����$+,+-���Q���18|����)Q�Q� '4+,# �$'�'4�37|+,���2�3��!Ú��!"8Ü'�?���ä �2?"���e��?") � �}�����<!9�2>4�"'��3��!Ê/z�3�Ã�z�
# ���2�3��!��$�"��>��9�$+�?È�$.^/zy{� !�!"),>U�$!�8 v # #3� �$� Õ B�D�D9B�×(���5;��*)p!|�����">2�$#3#3;x)dÒ1�2)-!"8")-8��2�
)-'4�2�3�·�}�2)

θ
+-��!"'��3'4��),!9�2#:; ��á �·�$# #3��ä .¢��>����3'�+,# �$'�'4�37|+,���2�3��!A@�äÑ)Ã!"��äº#3)-�

X
8")-!"�$�2)

��?")U+,���Ã��� !|����� ��!r��.O���$# ��),'m�$.O��?")U� 8")-!9�2�3.Û;1�3!"Øp�$��>��w���"# )-'��$'�>�),+-��>�8�),8¾�3!r�2?")³���Ó�
+->��18|�����U�$!�8

X̃
8")-!"�$�2)m�2?�)�+-��>�>4),'4�C��!�8"� !"ØU���$>�� �$�"#3)��$'Ð��),�$'���>�),8Q�9;Q�å�C�$��),!9�2� �$#

�3!{��>��"8�),>���'�� !�ØÃ)dÒ1�2)->�!|��#&� !z.¢��>������2�3��! �bê )('2�5;·��?|�������3'�+,# �$'�'4�37|+,���2�3��!Â�z+-+,�">4'�.¢��>
�"!��3�

i
�3.

Xi 6= X̃i

�Oê )�8"�Ã!��$�^��'�'�����)��2?|����),�:�2?")->
X

��>
X̃

��),�$'��">4),'M�2?")��2>��z�2? �
á ?")d;p'��3����#3;s>�)/0"),+-��'M�<äÑ�Uä^�5;1'Ñ��.&+-#w�$'4'��3.Û;1�3!"Øæ�2?")�'��$�Q)%�{�|��!{���3�<; � �<!Â�|�$>4��� +-�"#w�$>-@
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�:�Ñ�3'Ð�C��'4'��3�"# )m�2?|�}��)-�3�2?�),>
X

��>
X̃

�3'Ð'��"�1ë4)-+-�^���e�Q)5�$'4�">�)-��)-!9��)->�>��$>��$!�8��2?"���
X�3'�'��"�1ë4)-+-���2�Â8")-# � �*),>����2)å�*),>~�2�">4�|����� ��!S�$'��p�Q)5�$!"'m�$. 8"�3'�+,#3��'���>�)å+,�$!{��>���# �

�Ñ;·�$!|�$#3��Ø$;päm�:�2?X�2?�)�8")d7|!"�3��� ��!�'��$.
Fj

@
fj

@
Nr

�$!"8
nr

� !X/z),+d�2� �$!�B � �(ä�)æ#3)-�

F̃j =
∑

i∈U

� (
X̃i = j

)
, f̃j =

∑

i∈s

� (
X̃i = j

)

Ñr =
J∑

j=1

I
(
F̃j = r

)
, ñr =

J∑

j=1

� (
f̃j = r

)
.

� !"8"),>M�Q� '�+-#w�$'4'��:7|+5����� ��!&@$ä�)(�·�5;päm>4�3�2)
θm =

ü0> Õ +,��>4>�)-+-�^������+�?76��"!"���{�")������2+�?�×
�"!�8"),>����4���$+�yX�Q)-��?"�18

B
Ø��:��),!S�3!¾/1y1�3!"!")->(��!"8 v #3# � ��� Õ B$D�D9B$×^�$'

θm =

∑
i∈s

� (
fXi

= 1, X̃i = Xi

)

∑
j̃F j

� ( . ë = 1
) Õ ��D9×

�<!³��>�8�),>6�2�m),'~�2�3�·����)
θm

ä�)Ñ�$'4'��"�Q)0�2?|���V�Q� '4+,#w��'�'��:7|+5�}�2� �$!����$y�),'V�"#w��+,)Ð�$+-+,��>48"� !"Ø
�����p>��$!"8"���þ��)-+�?|�$!"�3'��i�3!Xäm?"� +�?

ü0> (
X̃i = j∗|Xi = j

)
= Mjj∗ j = 1, ..., J j∗ = 1, ..., J, i ∈ U Õ ����×

äm?")->�)���?")��·�}�2>��ÓÒ
M = [Mjj∗]

�3'r�
J × J

���3'�+-#w�$'4'��37"+5����� ��!â�·�}�2>��ÓÒ¼�$!"8 � '
�$'4'��"�Q),8�y{!"��äm! �

�<!Q�">2�$+d�2�3+,)$@1�$!Q�$Ø$),!"+d;päm� # #z!"�$�Ðy{!"��ä
M

)dÒ��$+d�2#3;$@{�"���M�·�5;p+-��!"8"��+-�Ñ�³'4),!"'4�:�
���3�1�3�<;Q�$!"�$#3;1'��3'0.¢��>Ñ��#w�$�"'4� �"#3)��$��# �")-'��$.

M
ç�'�)-)$@�.¢�$>Ñ)±Ò"�����"#3)$@ � �"?|�Ã��!"8r/zy{�3!"!"),>

Õ ��é�é9��× � �<!���>�8�),>æ�2�·��������� !��X�*��� !9�å)-'4��� �����2��>��$.
θ̂

�$.
θ

ä�)Â�$8�8È�X'4�2)-���2�X�2?�)
� �}���p�<!9�2>���'�� �$!�/z�3�Ã�"# ���2�3��!·Ø��:��)-!x�3!¾/1y1�3!"!")->(��!"8 v #3# �3�$� Õ B$D�D9B�× �
89��� :; =<# ?>A@B<#$C"D!+��'B@ � ��EF"D�� =<C��'�@G"H@DIH��$J����!+KL�� �!#!+�NMOKL =<#��'�@
�m),�*)5������?")å.¢��# #3��äm� !"ØÃ'~�2)-�"' Õ � !"8�),�*),!"8")-!9�2#3;�×�.¢��>

k = 1, ..., K
�

� � >4),�Q����)
1

�"!"�:�����m>2�$!�8"���þ.¢>4��� ��?")U'2�$�Q�"# )�ç
Ä



B � 8�)-�2)->��Q� !")p��?")Q���$#3�")Â�$.
X̃

.¢��>å�2?�)��"!��3�³>2�$!�8"���Q#3;���'�� !�Ø
M

@V�2?|�}�s�3'U'�)-�
X̃ = j?

äm�3��?���>����|���"� #3�3�<;
Mjj?

@"äm?")->�)
j

� '^��?")U�"!"�:�QP 'm���$#3�")å�$.
X

ç
Á � +-���9;���?")���!"�3���|�$+�yQ� !9�2�³�2?")æ'��$�Q�"# )mäm�3��?·�">4���|�$�"�3# �:�<;

π Õ y�),)-�"� !"Øp�:�2'Ñ��>��3Ø��
�3!|�$#*�$��# �")å�$.

X
×±ç

E � >4),+-��>�8Säm?")-��?"),>m�2?�)U���$#3�")
X̃

�$.V�2?")U>�)-�����$),8¾��!"�3��������+�?"),'��"!"�,�1��),#3;��2?")
���$#3�")·��.

x
.¢��>Ã�¾'��$�Q�"# )��"!"�3� Õ Ruk = 1

�:.�'��9×e�$!"8A@O�3.m'���@Oäm?")-��?"),>Ã��?"� '
������+�?��3'�+,��>4>�)-+-� Õ Rck = 1

�:.V'��{× �
á ?")U>4),'���#3�2�3!"ØÂ),'~�2� ��������>^�$.

θm

� '�Ø$�3��)-!x�9;

θ̂m (K) =
K∑

k=1

RckRuk

/
K∑

k=1

Ruk Õ ��B�×

%('·� !¼/zy{� !�!"),>·�$!"8 v #3# � ��� Õ B$D�D�B�×d@Mä�)x�·�5;Ê�����2�$� !
��+-# ��'4),8â.¢��>�� )±Ò���>�),'4'��3��!
.¢��>

θ̂m

��'s�2?�)X# �3���:�å�$.
θ̂m (K)

�$'
K −→ ∞ � �<!Ê�$8"8��3�2�3��!È�2�¾��?")��<äÑ��)-�$),!9�2'

+-��!"'��38"),>4),8p�9;Ã/zy{� !"!")->²�$!�8 v #3# �3�$� Õ B$D$D9B�×d@$�(�2?�� >�8s�C�$'�'��3�"# )Ñ)-�$),!9�0äm?"),!Â�(�"!"���{�")
�����2+�?��$>��3'�),'��Ã�"'4�å�$# '4�X�C)e+,��!"'4� 8")->�)-8A@A�2?|�}�æ� !¾'4�2)-�

2 X
� '����3'�+,# �$'�'4�37|)-8x���S�

���$#3�")
j

äm?"�3+�?�+,��>4>�),'4�C�$!"8"'Ã�2����'2�$�Q�"# )Q�"!"�,�{�")X� !��2?")X�Q� +->��18|���2�x���e'4��),�
3
�

á ?"�3'�)-�$),!9�æ�1+,+-�">�'�äm�3��?S�">����"�$�"� #3�3�<;

A =
∑

i∈s

J∑

j=1

MXijI (Xi 6= j) I (fj = 1)

/
n Õ � Á ×

°|��#3# ��äm� !"Ø��$!Ü�$!|�$#3��Ø����"'s�$>4Ø��"�Q),!9�s���¾�2?�)X�">��1�$.���.�üÐ>4���*��'��:�2� �$!
1

� !�/1y1�3!"!")->
�$!�8 v #3# � ��� Õ B�D�D9B�×±@�ä�)U���z���$�3!
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D � D9Ë$D9Ë$Ë D � D Á�Á D Ä D � D9B$D$E{Ë D � Dz��D�� Á D � D�D Á D�Ô
= ),�$!��$. ���w��',@

θ̂m − θm 0.00254 0.00076 0.00052 0.00001 −.00001'4�2�$!"8|��>�8�),>�>4��> Õ θm

× D � D�D9Ë�B$� D � D�D Á �$Ô D � D�D9B$Ô�� D � D$D9B$D$E D � D�D�D�é�D
'4�2�$!"8|��>�8�),>�>4��> Õ θ̂m

× D � D���B Á � D � D�D9Ë1��B D � D�D9B�E{B D � D$D���D9B D � D�D�D9Bz�
'4����!"8|�$>48x)->�>��$> Õ θ̂m

�
θm

× D � D�� Á Ë Á D � D�D9Ë Ä Á D � D�D9B$é�é D � D$D�� Ä é D � D�D�D Ä é�m� '�y = )5��'��">4)$@
θmm

D � D$E Ä Dz� D � D$E9D���Ë D � D Á � Ä � D � D�B$D Ä Ô D � D�D Ä Á E
v '4�2�3�·�}�2��>-@

θ̂mm

D � D9Ë$D9Ë$Ë D � D$E Á D�D D � D Á E{B$D D � D�Bz�5E{Ë D � D�D Ä B�Ë
= ),�$!��$. �Ñ�w�$'-@

θ̂mm − θmm 0.00254 0.00225 0.00239 0.00059 −.00009'~���$!�8|�$>�8�),>4>���> Õ θmm

× D � D�D9Ë�B$� D � D�D9Ë Á E D � D�D$E Ä Ë D � D$D$E{B�E D � D�D9B�E Ä
'~���$!�8|�$>�8�),>4>���> Õ θ̂mm

× D � D���B Á � D � D���D�E Ä D � D�D Ä � Á D � D$D9Ë Á � D � D�D���é9Ë
'4�2�$!"8|��>�8�),>�>4��> Õ θ̂mm

�
θmm

× D � D�� Á Ë Á D � D����,E9é D � D�D�é�Ô Á D � D$D�Ô9�$Ô D � D�D Á Bz�
á �$�"#3)�Bz� /z�3�Ã�"#w�}�2� �$!³>4),'4�"#3��' .¢��> # ��Ø�!���>����$#�8"�3'4��>�� �����2�3��!säm�:�2?

m = 12
@
p = 0.35

@
J = 2m

@
µ = 0

@
σ = 1

@
N = 17411

�$!"8
π = 0.05

�

α0 = α1

0.0 0.02 0.05 0.10 0.20�m� '�y���),�$'���>�)$@
θm

D � D Ä E"�5D D � D9Ë�D9B$Ô D � D9B Ä Á E D � D���B$é�Ë D � D�D Á Ë�E
v '~�2�3�·������>,@

θ̂m

D � D Ä Ô���B D � D$E�é�Ô Ä D � D9B��$D�� D � D���B$Ô Ä D � D�D Á Ë$D
= ),�$!��$. ���w��',@

θ̂m − θm 0.00202 −.00058 −.00133 −.00027 −.00004'4�2�$!"8|��>�8�),>�>4��> Õ θm

× D � D�D Ä é$é D � D�D$Ô Á é D � D�D$E Á�Á D � D�D9B���é D � D�Dz���5E
'4�2�$!"8|��>�8�),>�>4��> Õ θ̂m

× D � D����$D�B D � D�D$Ô��5E D � D�D9B���B D � D�D�����B D � D�D$D9B Ä
'4����!"8|�$>48x)->�>��$> Õ θ̂m

�
θm

× D � D���é�Ô$D D � D�D����z� D � D�D Á � Á D � D�D9B�Ë�Ô D � D�Dz������m� '�y = )5��'��">4)$@
θmm

D � D Ä E"�5D D � D9�$B Á D D � D9Ë Ä D$E D � D Á �z��B D � D�� Á é�é
v '4�2�3�·�}�2��>-@

θ̂mm

D � D Ä Ô���B D � D9� Á B$Ô D � D9Ë�E{Ë Á D � D Á Ë�E$E D � D�� Á �z�
= ),�$!��$. �Ñ�w�$'-@

θ̂mm − θmm 0.00202 0.00096 −.00351 −.00168 −.00028'~���$!�8|�$>�8�),>4>���> Õ θmm

× D � D�D Ä é$é D � D�D$é$E Á D � D�D�é9B$D D � D�D9� Ä � D � D�D�E{�$Ô
'~���$!�8|�$>�8�),>4>���> Õ θ̂mm

× D � D����$D�B D � D��,E�E Ä D � D���D9B Á D � D�D�Ô�é$Ô D � D�D Á � Ä
'4�2�$!"8|��>�8�),>�>4��> Õ θ̂mm

�
θmm

× D � D���é�Ô$D D � D����$é9� D � D��5E{� Á D � D���D Ä Ë D � D�D�Ë�E9é
á �$�"#3) Á �(/z�3�Ã�"#w�}�2� �$!�>4),'4�"#3��'�.¢��>�#3��Ø�!"�$>����$#68"� '~�2>4� �"����� ��!��$.

m = 12
@
p = 0.35

@
J = 2m

@
µ = 0

@
σ = 1

@
N = 17411

�$!"8
π = 0.10
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��Ô



α0 = α1

0.0
D � D9B D � D9Ë D � ��D D � B$D�m� '�y���),�$'���>�)$@

θm

D � D$E Ä Á Ô D � D$E{B�D�é D � D Á�Á �$B D � D�B�B$D9� D � D�D�é���Ô
v '~�2�3�·������>,@

θ̂m

D � D9Ëz� Á é D � D$E Á é�� D � D Á E{�}E D � D�B�B$é�D D � D�D�é9B Ä
= ),�$!��$. ���w��',@

θ̂m − θm

D � D�D Á D Á D � D�D�� Ä B D � D�D���D�B D � D$D�D Ä Á D � D�D�D���B'4�2�$!"8|��>�8�),>�>4��> Õ θm

× D � D�D9B�Ë�é D � D�D Á D9Ë D � D�D Á B�é D � D$D Á Ô$E D � D�D9B Á Ô
'4�2�$!"8|��>�8�),>�>4��> Õ θ̂m

× D � D����$D$Ô D � D���B}E{Ë D � D�D9���$Ë D � D$D Á Ë$é D � D�D�����Ô
'4����!"8|�$>48x)->�>��$> Õ θ̂m

�
θm

× D � D����z� Ä D � D���B$��B D � D�D�é�D$é D � D$D9Ë�E Á D � D�D9B$Ô$E�m� '�y = )5��'��">4)$@
θmm

D � D$E Ä Á Ô D � D$E"��B�B D � D Á B�B}E D � D�B$D$E Á D � D�D Ä ��Ë
v '4�2�3�·�}�2��>-@

θ̂mm

D � D9Ëz� Á é D � D$E Á ��B D � D Á E{Ë$B D � D�B�Bz� Á D � D�D Ä ��B
= ),�$!��$. �Ñ�w�$'-@

θ̂mm − θmm

D � D�D Á D Á D � D�D9B$Ë$D D � D�D9B�B Ä D � D�D���� D � D�D�D9Ë��'~���$!�8|�$>�8�),>4>���> Õ θmm

× D � D�D9B�Ë�é D � D�D Á ��Ô D � D�D Á Ë$� D � D$D Á E�E D � D�D9Bz� Á'~���$!�8|�$>�8�),>4>���> Õ θ̂mm

× D � D����$D$Ô D � D��5E9Ëz� D � D����5E$E D � D$D�Ô�Ô�� D � D�D9B Ä Ë
'4�2�$!"8|��>�8�),>�>4��> Õ θ̂mm

�
θmm

× D � D����z� Ä D � D��5E9��E D � D���B�Ë�Ô D � D$D9�$é�� D � D�D Á é�D
á �$�"#3)rE"�S/z�3�Ã�"#w�}�2� �$!Ú>�)-'��"#:�2'Ã.¢��>pØ��$�����¾8"�3'4��>�� �����2�3��!Ü�$.

m = 12
@
p = 0.35

@
J = 2m

@
α = 3.61

@
β = 4.99

@
N = 17411

��!"8
π = 0.02

�

α0 = α1

0.0 0.02 0.05 0.10 0.20�m� '�y���),�$'���>�)$@
θm

D � D9Ë�Ë�B�D D � D$E9Ô���Ë D � D Á Ô�Ô�D D � D9B�E Á E D � D�D�é�D$é
v '~�2�3�·������>,@

θ̂m

D � D9Ë$Ô�D�Ë D � D$E{�}E{B D � D Á Ô9Ë�� D � D9B Á Ô$E D � D�D�é9B Ä
= ),�$!��$. ���w��',@

θ̂m − θm 0.00085 0.00067 −.00003 −.0007 0.00019'4�2�$!"8|��>�8�),>�>4��> Õ θm

× D � D�D9B�E$E D � D�D9B$Ë Á D � D�D�B$é9B D � D�D9B�Ë Ä D � D�D9Bz�5Ô
'4�2�$!"8|��>�8�),>�>4��> Õ θ̂m

× D � D���D�Ô�Ë D � D�D9�$��E D � D�D�E{Ë$é D � D�D9Bz��é D � D�D�D�Ôz�
'4����!"8|�$>48x)->�>��$> Õ θ̂m

�
θm

× D � D���� Á$Á D � D�D Ä Á E D � D�D�Ë�Ë Ä D � D�D Á Ë Ä D � D�D9B Á B�m� '�y = )5��'��">4)$@
θmm

D � D9Ë�Ë�B�D D � D$E9Ô�� Á D � D Á Ô Ä D D � D9B�E Á Ë D � D�D�é�D$é
v '4�2�3�·�}�2��>-@

θ̂mm

D � D9Ë$Ô�D�Ë D � D$E{��Ô Ä D � D Á Ô�é�é D � D9B Á ��Ë D � D�D�é Á$Á
= ),�$!��$. �Ñ�w�$'-@

θ̂mm − θmm 0.00085 0.00095 0.00019 −.00060 0.00024'~���$!�8|�$>�8�),>4>���> Õ θmm

× D � D�D9B�E$E D � D�D9B$��� D � D�D Á B$Ô D � D�D9B Ä � D � D�D9B�B1�
'~���$!�8|�$>�8�),>4>���> Õ θ̂mm

× D � D���D�Ô�Ë D � D�D�é$D�Ô D � D�D$Ô9Ë$é D � D�D$E"��� D � D�D���Ô$é
'4�2�$!"8|��>�8�),>�>4��> Õ θ̂mm

�
θmm

× D � D���� Á$Á D � D�D�é$Ô�é D � D�D��$Ô�é D � D�D9Ë�Bz� D � D�D9B$éz�
á �$�"#3)pËz�(/z�3�Ã�"#w�}�2� �$!x>4),'���#3�2'(.¢��>�Ø9�������Q8�� '4��>��3�"���2�3��!xäm�:�2?

m = 12
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p = 0.35

@
J = 2m

@
α = 3.61

@
β = 4.99

@
N = 17411

��!"8
π = 0.05
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@
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@
J = 2m

@
µ = 0

@
σ = 1

�$!"8
N = 17411
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α0 = α1 = 0.02
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m = 12

@
p = 0.35

@
J = 2m

@
µ = 0

@
σ = 1

�$!"8
N = 17411

.¢��> Õ %å×
θm

�$!"8
θ̂m

@ Õ ��×
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π = 0.02
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θ̂m

@ Õ ��×
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m = 12

@
p =

0.35
@
J = 2m

@
α = 3.61

@
β = 4.99

��!"8
N =

.¢��> Õ %å×
θm

�$!"8
θ̂m

@ Õ ��×
θmm

�$!"8
θ̂mm

@���!"8 Õ ��×
θ

�$!"8
θ̂
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π = 0.02
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α0 = α1 = 0.02
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α0 = α1

0.0 0.02 0.05 0.10 0.20�m� '�y���),�$'���>�)$@
θm

D � D�Ô�Ô�Ë$D D � D�Ë�E{��B D � D$E"� Á Ë D � D9B�Ë Á Ä D � D�D$é9�z�
v '~�2�3�·������>,@

θ̂m

D � D�Ô�Ôz��Ô D � D�Ë�E�E�E D � D$E9D�é Ä D � D9B�Ë�Ô9Ë D � D�D$é�Ô��
= ),�$!��$. ���w��',@

θ̂m − θm −.00034 −.00028 −.00037 .00027 −.00010'4�2�$!"8|��>�8�),>�>4��> Õ θm

× D � D�D Á D9Ë D � D$D Á Ë�B D � D�D Á �$B D � D�D Á E{Ë D � D�D�B�E9é
'4�2�$!"8|��>�8�),>�>4��> Õ θ̂m

× D � D���D$D Á D � D$D�Ô�é$E D � D�D$E{B�Ô D � D�D����$é D � D�D$D$E{�
'4����!"8|�$>48x)->�>��$> Õ θ̂m

�
θm

× D � D���D$é�é D � D$D Ä D�D D � D�D9Ë�E�Ô D � D�D Á Ä B D � D�D�B�Ë Á�m� '�y = )5��'��">4)$@
θmm

D � D�Ô�Ô�Ë$D D � D�Ë$Ô$E{� D � D$E�E{B$B D � D9B Ä Á B D � D��$� Á Ô
v '4�2�3�·�}�2��>-@

θ̂mm

D � D�Ô�Ôz��Ô D � D�Ë$Ô9B Ä D � D$E�E9D$é D � D9B Ä é�Ô D � D��$�5E{Ë
= ),�$!��$. �Ñ�w�$'-@

θ̂mm − θmm −.00034 −.00019 −.00013 0.00064 0.00009'~���$!�8|�$>�8�),>4>���> Õ θmm

× D � D�D Á D9Ë D � D$D Á é9Ë D � D�D$E�E�é D � D�D$E�D�� D � D�D Á D9B
'~���$!�8|�$>�8�),>4>���> Õ θ̂mm

× D � D���D$D Á D � D$D Ä Ë Á D � D�D�Ô Ä � D � D�D$E$E9é D � D�Dz� Ä �
'4�2�$!"8|��>�8�),>�>4��> Õ θ̂mm

�
θmm

× D � D���D$é�é D � D$D�é9Ë Ä D � D�D9� Ä Ë D � D�D�Ôz� Á D � D�D Á Ô�é
á �$�"#3)ÃÔ��(/z�3�Ã�"#w�}�2� �$!x>4),'���#3�2'(.¢��>�Ø9�������Q8�� '4��>��3�"���2�3��!xäm�:�2?
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α = 3.61

@
β = 4.99
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√
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