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Dw Vwdwlvwlfv Qhwkhuodqgv/ d khxulvwlf dssurdfk iru fhoo vxssuhvvlrq lq qrq0

qhjdwlyh klhudufklfdo wdeohv/ KlWdV/ lv ghyhorshg1 KlWdV lwvhoi pdnhv xvh ri

DUJXV/ d fhoo vxssuhvvlrq phwkrg iru wkh surwhfwlrq ri qrq0klhudufklfdo wdeohv1

KlWdV surwhfwv d klhudufklfdo wdeoh lq d wrs0grzq dssurdfk e| �qglqj surwhfwlrq

sdwwhuqv iru qrq0klhudufklfdo vxe0wdeohv xvlqj DUJXV1 DUJXV lv edvhg rq d

phwkrg e| Ilvfkhwwl dqg Vdod}du1 Wr xvh wklv phwkrg/ wkh fhoov zklfk kdyh wr eh

surwhfwhg duh dvvljqhg wkh vwdwxv sulpdu| xqvdih1 Iru wkhvh fhoov/ qrq0qhjdwlyh

surwhfwlrq ohyhov fdq eh fkrvhq1 Wkhvh surwhfwlrq ohyhov gh�qh d surwhfwlrq lq0

whuydo durxqg wkh fhoo ydoxh1 Li d fhoo lv sulpdu| xqvdih/ lw zloo eh frqwdlqhg lq

wkh �qdo surwhfwlrq sdwwhuq/ dorqj zlwk vhfrqgdu| vxssuhvvhg fhoov vxfk wkdw wkh

ydoxh ri wkh �uvw fhoo fdqqrw eh fdofxodwhg wr olh zlwklq wkh surwhfwlrq lqwhuydo1

Iru wkh ghwhuplqdwlrq ri wkh sulpdu| xqvdih fhoov/ vrph nlqg ri vdihw| uxohv duh

xvhg1 Riwhq d frpelqdwlrq ri d olqhdu vhqvlwlylw| phdvxuh dqg d qxpehu uxoh

zloo eh hpsor|hg1 Lw zrxog eh qlfh li wkh fkrlfh ri wkh surwhfwlrq ohyhov lv uhodwhg

wr wkh uxohv xvhg wr ghwhuplqh wkh vdihw| ri wkh fhoov1 Lq wklv qrwh/ vrph vdihw|

uxohv dqg wkhlu uhodwlrq zlwk wkh fkrlfh ri surwhfwlrq ohyhov duh glvfxvvhg1

Nh|zrugv= KlWdV/ DUJXV/ klhudufklfdo wdeohv/ fhoo vxssuhvvlrq/ +olqhdu, vhq0

vlwlylw| phdvxuhv/ surwhfwlrq ohyhov1

�� W?|hL_�U|�L?

Lq wkh vfrsh ri WPR0uhvhdufk rq surwhfwlrq ri qrq0qhjdwlyh wdeohv e| fhoo vxs0

suhvvlrq/ d surmhfw wr lpsuryh KlWdV kdv vwduwhg1 KlWdV lv d khxulvwlf dssurdfk

xvhg iru fhoo vxssuhvvlrq lq klhudufklfdo wdeohv/ zkhuh d klhudufklfdo wdeoh lv sur0

whfwhg lq d wrs0grzq dssurdfk e| wkh surwhfwlrq ri qrq0klhudufklfdo vxe0wdeohv

+vhh Gh Zroi/ 4<<<,1 Iru wkh surwhfwlrq ri wkh vxe0wdeohv/ DUJXV lv xvhg1 DU0

JXV lv edvhg rq d phwkrg dqg fruuhvsrqglqj surjudp ghyhorshg e| Ilvfkhwwl

dqg Vdod}du +vhh Ilvfkhwwl ) Vdod}du0Jrq}�doh}/ 4<<;,1 Iru wklv phwkrg/ wzr

surwhfwlrq ohyhov kdyh wr eh gh�qhg iru fhoov zklfk duh sulpdu| xqvdih= dq xs0

shu dqg d orzhu surwhfwlrq ohyho1 Lq sulqflsoh/ dovr d volglqj surwhfwlrq ohyho fdq

eh gh�qhg/ exw wklv lv qrw |hw lpsohphqwhg1 Wkhvh ohyhov gh�qh wkh h{whqw wr

zklfk wkh sulpdu| xqvdih fhoo pd| eh fdofxodwhg iurp wkh �qdo surwhfwhg wdeoh1

Ixuwkhupruh/ qrq0qhjdwlyh zhljkwv kdyh wr eh dvvljqhg wr doo fhoov1 Wkhq/ wkh

phwkrg �qgv vhfrqgdu| vxssuhvvlrqv lq wkh vxe0wdeoh vxfk wkdw wkh surwhfwlrq

ohyhov ri wkh xqvdih fhoov duh vdwlv�hg1 Wkhvh vhfrqgdu| vxssuhvvlrqv duh fkrvhq

vxfk wkdw wkh wrwdo zhljkw ri wkh vxssuhvvhg fhoov lv plqlpl}hg1

D sduw ri wkh surmhfw frqfhuqv wkh xvh ri surwhfwlrq ohyhov iru wkh xqvdih

fhoov1 Ixuwkhupruh/ ehfdxvh ri wkh klhudufklfdo vwuxfwxuh/ vhfrqgdu| vxssuhv0
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vlrqv irxqg lq vrph vxe0wdeoh kdyh wr eh surwhfwhg lq rwkhu wdeohv zkhuh wkh|

rffxu1 Lq wkhvh rwkhu wdeohv/ wkh| sod| wkh uroh ri sulpdu| xqvdih fhoov iru Kl0

WdV dqg wkhuhiruh/ surwhfwlrq ohyhov iru wkhvh fhoov kdyh wr eh gh�qhg wrr1 Lq

pdq| fdvhv/ sulpdu| xqvdih fhoov duh irxqg xvlqj d olqhdu vhqvlwlylw| phdvxuh1

Iru h{dpsoh/ d s0shufhqw uxoh/ zklfk gh�qhv d fhoo dv sulpdu| xqvdih zkhq d

orzhu ru xsshu erxqg ri d frqwulexwlrq fdq eh irxqg zlwklq s shufhqw ri lwv

wuxh ydoxh1 Wkh surwhfwlrq ohyhov vkrxog eh vxfk wkdw wklv lv qr orqjhu srvvleoh/

rwkhuzlvh wkh fhoo pd| uhpdlq xqvdih diwhu �qglqj d surwhfwlrq sdwwhuq1 Rq wkh

rwkhu kdqg/ fhoov pd| eh gh�qhg sulpdu| xqvdih zkhq wkhuh duh rqo| d ihz uh0

vsrqghqwv frqwulexwlqj wr wkh fhoo ydoxh1 Wklv uxoh lv riwhq xvhg lq frpelqdwlrq

zlwk d olqhdu vhqvlwlylw| phdvxuh1 Wkh lghd lv wkdw wkhvh ihz uhvsrqghqwv fdq

hvwlpdwh hdfk rwkhuv frqwulexwlrqv idluo| dffxudwho| li wkh fhoo ydoxh lv nqrzq1

Wkxv/ wkh fhoo kdv wr eh vxssuhvvhg1 Dovr/ lq wklv fdvh/ surwhfwlrq ohyhov kdyh

wr eh gh�qhg1 Ixuwkhupruh/ lw zrxog eh qlfh li surwhfwlrq ohyhov fdq eh fkrvhq

vxfk wkdw wkhuh lv vrph uhodwlrq ehwzhhq wkh fkrlfh ri wkh ohyhov dqg wkh phwkrg

xvhg wr �qg sulpdu| xqvdih fhoov1

Lq wklv qrwh vrph vhqvlwlylw| phdvxuhv duh frqvlghuhg1 Ixuwkhupruh/ txhvwlrqv

derxw wkh fkrlfh ri surwhfwlrq ohyhov iru sulpdu| dqg vhfrqgdu| xqvdih fhoov lq

uhodwlrq wr wkhvh vhqvlwlylw| phdvxuhv duh glvfxvvhg1

2� w�?i@h ti?t�|���|) 4i@t�hit

Gl�huhqw fulwhuld fdq eh xvhg wr ghwhuplqh zklfk fhoov duh sulpdu| xqvdih1 Ri0

whq/ olqhdu vhqvlwlylw| phdvxuhv duh xvhg1 D olqhdu vhqvlwlylw| phdvxuh kdv wkh

surshuw| ri vxe0dgglwlylw|1 Wklv phdqv/ wkdw wkh xqlrq ri wzr vdih fhoov zloo

dozd|v eh vdih1 Wkxv/ djjuhjdwlrq ri fhoov qhyhu ohdgv wr dq lqfuhdvh lq wkh

ghjuhh ri xqvdihw|1 Wkh prvw frpprq olqhdu vhqvlwlylw| phdvxuhv duh wkh sulru

srvwhulru ru s0t uxoh/ wkh s0shufhqw uxoh dqg wkh grplqdqfh uxoh1 Wkh sulru

srvwhulru uxoh dqg wkh s0shufhqw uxoh gh�qh d fhoo xqvdih li d orzhu ru dq xsshu

erxqg ri rqh ri lwv frqwulexwlrqv fdq eh fdofxodwhg o|lqj zlwklq s shufhqw ri

wkh wuxh ydoxh1 Wkh gl�huhqfh ehwzhhq wkh wzr uxohv lv wkdw wkh sulru srvwhulru

uxoh dvvxphv wkdw srvvleoh dwwdfnhuv kdyh vrph nlqg ri sulru nqrzohgjh derxw

wkh ydoxhv ri wkh frqwulexwlrqv1 Wkh s0shufhqw uxoh kdv qr dvvxpswlrq ri sulru

nqrzohgjh/ exw iru wkh nqrzohgjh ri qrq0qhjdwlylw| ri doo frqwulexwlrqv1 Df0

fruglqj wr wkh grplqdqfh ru +q> n,0uxoh/ d fhoo lv sulpdu| xqvdih zkhq wkh wrwdo

ri wkh q odujhvw frqwulexwlrqv lv juhdwhu wkdq n shufhqw ri wkh fhoo ydoxh1 Wklv

uxoh lv edvhg rq wkh lghd wkdw d frdolwlrq ri q � 4 uhvsrqghqwv lq d fhoo pd|

qrw eh deoh wr hvwlpdwh dq q0wk frqwulexwlrq zlwk d fhuwdlq dffxudf|1 Wklv lghd

pljkw dovr eh xvhg zlwk wkh s0t dqg wkh s0shufhqw uxoh/ ohdglqj wr yhuvlrqv zlwk

frdolwlrqv1

Ri frxuvh/ rwkhu fkrlfhv iru olqhdu vhqvlwlylw| phdvxuhv duh srvvleoh/ exw rqo|

wkh rqhv phqwlrqhg deryh zloo eh frqvlghuhg lq wklv qrwh1
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6141 Sulru srvwhulru uxoh

Wkh sulru srvwhulru ru s0t uxoh lv gh�qhg e| wzr +�{hg, sdudphwhuv s dqg t

zlwk s ? t1 Wkh t lv xvhg wr prgho sulru nqrzohgjh= doo uhvsrqghqwv lq d fhoo

duh dvvxphg wr nqrz wkh ydoxhv ri wkh rwkhu frqwulexwlrqv wr wkdw fhoo zlwklq dw

prvw t shufhqw1 Wklv dovr lpsolhv wkdw hdfk lqglylgxdo uhvsrqghqw nqrzv zklfk

rwkhu uhvsrqghqwv frqwulexwh wr wkh wrwdo fhoo ydoxh1 D fhoo lv vdih dffruglqj wr

wkh s0t uxoh li/ diwhu sxeolfdwlrq ri wkh fhoo ydoxh/ qr orzhu ru xsshu erxqg ri d

frqwulexwlrq fdq eh irxqg zlwklq s shufhqw ri lwv wuxh ydoxh1

Lq idfw/ wkh t fdq dovr eh xvhg wr prgho sulru nqrzohgjh e| dvvxplqj wkdw

hyhu| uhvsrqghqw wr dq duelwudu| fhoo nqrzv wkh ydoxhv ri doo rwkhu frqwulexwlrqv

wr doo rwkhu fhoov zlwklq dw prvw t shufhqw1 Wklv phdqv wkdw d uhvsrqghqw

wr d fhoo dovr nqrzv vrphwklqj derxw wkh frqwulexwlrqv wr rwkhu fhoov1 Wklv

lv d vwurqjhu dvvxpswlrq/ exw wklv grhv qrw lq�xhqfh wkh irupxodwlrq ri wkh

vhqvlwlylw| phdvxuh1

Ri frxuvh/ dq hvwlpdwh ri d frqwulexwlrq wr d fhoo e| d ihoorz uhvsrqghqw lq wkh

vdph fhoo zloo eh ehwwhu wkdq dq hvwlpdwh e| vrphrqh rqo| nqrzlqj wkh wrwdo

fhoo ydoxh1 Ixuwkhupruh/ wklv vlwxdwlrq lv wkh prvw gdqjhurxv fdvh ri srvvleoh

glvforvxuh/ ehfdxvh wkh lpphgldwh frpshwlwruv duh olnho| wr eh irxqg dprqj wkh

ihoorz uhvsrqghqwv1 Wkxv/ wklv zruvw fdvh vlwxdwlrq lv xvhg wr ghulyh d vdihw|

fkhfn1

Qrz/ ohw wkh rughuhg frqwulexwlrqv ri d fhoo eh ghqrwhg e| { � � { � � � � � �

{ � A 3/ zkhuh { � lv wkh frqwulexwlrq ri uhvsrqghqw l1 Li uhvsrqghqw m nqrzv

wkh wrwdo fhoo ydoxh/ kh fdq fdofxodwh d orzhu dqg d xsshu erxqg ri frqwulexwlrq
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Lq idfw/ sxeolfdwlrq ri wkh fhoo ydoxh r�huv hdfk uhvsrqghqw m wkh srvvlelolw| wr

fdofxodwh dq lqwhuydo frqwdlqlqj frqwulexwlrq { � 1

Wkh uhtxluhphqwv wkdw wkh orzhu dqg xsshu erxqgv duh qrw zlwklq s shufhqw ri

wkh wuxh ydoxh/ ohdg wr wkh vdph lqhtxdolw|

s { � � t

�
[

��� �
���� ��
 �

{ � � 3= +4,

Ehfdxvh ri wkh rughulqj ri wkh frqwulexwlrqv/ wkh ohiw0kdqg vlgh lv dozd|v orzhu

wkdq ru htxdo wr s { � � t
S �����
 { � 1 Wklv phdqv wkdw li wkh orzhu dqg xsshu
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erxqgv iru { � e| uhvsrqghqw 5 +zruvw fdvh, duh qrw zlwklq s shufhqw ri wkh wuxh

ydoxh/ wkh erxqgv iru rwkhu frqwulexwlrqv zloo qrw eh zlwklq s shufhqw ri wkhlu

wuxh ydoxhv hlwkhu1 Wkxv/ wkh fhoo lv vdih dffruglqj wr wkh s0t uxoh li

s { � � t

�
[

����

{ � � 3= +5,

Zlwk wkh qrwdwlrq W iru wkh wrwdo fhoo ydoxh/ wklv lv htxlydohqw wr

+t . s, { � . t { � � t W � 3=

E| ylhzlqj wkh fhoo iurp wkh srlqw ri uhvsrqghqw 4/ d cuhvw* fhoo fdq eh vhhq

zlwk wrwdo ydoxh
S ���� � { � 1 Wklv uhvw fhoo pd| vhhp xqvdih/ ehfdxvh lw qhhg qrw

vdwlvi| s { � � t
S ���� � { � � 31 Krzhyhu/ wklv whvw lv ydolg iru d uhdo fhoo frqvlvwlqj

ri wkh frqwulexwlrqv { � > = = = > { � / exw qrw iru wkh uhvw fhoo ehfdxvh uhvsrqghqwv 5

wr Q gr qrw nqrz wkh fruuhvsrqglqj fhoo ydoxh
S ���� � { � 1 Wkh| rqo| nqrz wkh

fhoo ydoxh ri wkh zkroh fhoo lqfoxglqj { � 1

Dv dq looxvwudwlrq/ frqvlghu wkh fhoo zlwk frqwulexwlrqv 73/ 48/ 7 dqg 51 Wklv

fhoo lv vdih dffruglqj wr wkh s0t uxoh zlwk s @ : dqg t @ 831 Qdpho|/ s { � �

t
S �����
 { � @ :�73�83� +7.5, @ �53 ? 31 Lq idfw/ wkh xsshu dqg orzhu erxqgv

iru wkh odujhvw frqwulexwlrq fdofxodwhg e| wkh uhvsrqghqw ri frqwulexwlrq 48 duh

htxdo wr 94�48�3=8� +7.5, @ 76 dqg 94�48�4=8� +7.5, @ 6:/ uhvshfwlyho|/

dqg wkhvh duh qrw zlwklq : shufhqw ri wkh wuxh ydoxh ri 731 Qrz/ dvvxph wkdw

wkh uhvsrqghqw zlwk frqwulexwlrq 7 zdqwv wr hvwlpdwh wkh frqwulexwlrq zlwk

ydoxh 481 Klv ehvw xsshu erxqg lv htxdo wr 94� 7� 3=8 � +73 . 5, @ 69/ zklfk

grhv qrw frph forvh wr wkh uhdo ydoxh1 Krzhyhu/ d fhoo frqvlvwlqj ri frqwulexwlrqv

48/ 7 dqg 5 lv qrw vdih/ ehfdxvh : � 48 � 83 � 5 @ 8 A 31 Wklv phdqv wkdw wkh

uhvsrqghqw zlwk frqwulexwlrq 7 fdq hvwlpdwh wkh ydoxh ri frqwulexwlrq 48 zlwklq

s shufhqw1 Iru wklv hvwlpdwh/ wkh fhoo wrwdo 48.7.5 @ 54 zrxog eh xvhg1 Wklv

lv qrw srvvleoh lq wkh odujhu fhoo1

Wkh sulru srvwhulru uxoh fdq eh h{whqghg wr vlwxdwlrqv zlwk pruh frpsolfdwhg

uhtxluhphqwv rq vdihw| ru zlwk rwkhu irupv ri d sulrul lqirupdwlrq1 Iru h{dpsoh/

dq h{whqvlrq ri wkh s0t uxoh lv wkh uhtxluhphqw wkdw d fhoo lv vdih li iru qrqh ri

lwv frqwulexwlrqv d orzhu erxqg zlwklq s � shufhqw ru dq xsshu erxqg zlwklq s �

shufhqw ri wkh wuxh ydoxh fdq eh irxqg1 Khuh/ d corzhu s* dqg dq cxsshu s* duh

xvhg lqvwhdg ri rqh �{hg s1 Ixuwkhupruh/ cxsshu* dqg corzhu* t*v fdq dovr eh

xvhg wr prgho d sulrul lqirupdwlrq +hdfk frqwulexwlrq { lv nqrzq wr olh lq wkh

lqwhuydo ^+4�
���
����� , {> +4.

��	
����� , {`, zklfk lv dv|pphwulf durxqg wkh ydoxhv ri wkh

frqwulexwlrqv1 Ri frxuvh/ t � A s � dqg t � A s � 1 Wklv h{whqvlrq ri wkh s0t uxoh

ohdgv wr wkh iroorzlqj vdihw| fkhfnv

s � { � � t �

�
[

����

{ � � 3 DQG s � { � � t �

�
[

����

{ � � 3= +6,
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Hyhq pruh frpsolfdwhg s0t uxohv fdq eh fuhdwhg e| xvlqj gl�huhqw s*v dqg t*v

iru gl�huhqw frqwulexwlrqv/ exw vwloo �{hg shu frqwulexwlrq1 Dovr/ iru hdfk gl�hu0

hqw uhvsrqghqw/ gl�huhqw s*v dqg t*v iru doo rwkhu frqwulexwlrqv fdq eh fkrvhq1

Wkdw zd|/ t*v zklfk gl�hu dffruglqj wr wkh glvwdqfh ehwzhhq uhvsrqghqwv lq

wkh klhudufk| fdq eh xvhg1 Vwloo/ lw lv idluo| hdv| wr ghulyh wkh fruuhvsrqglqj

irupxodv iru wkhvh uxohv/ exw lqvwhdg ri fkhfnlqj rqh ru wzr uhtxluhphqwv/ pdq|

uhtxluhphqwv shu fhoo pd| eh qhhghg +iru hdfk erxqg ri d frqwulexwlrq fdofx0

odwhg e| d uhvsrqghqw ri dqrwkhu frqwulexwlrq,1 Wkhuhiruh/ wkhvh nlqgv ri uxohv

zloo doprvw fhuwdlqo| qhyhu eh xvhg lq sudfwlfh1 Dovr/ wkhuh zrxog eh d orw ri

zrun lqyroyhg lq fkrrvlqj dqg vwrulqj doo wkhvh gl�huhqw ydoxhv1

6151 s0shufhqw uxoh

Wkh s0shufhqw uxoh lv gh�qhg e| rqh sdudphwhu/ s1 Dffruglqj wr wklv uxoh/ d

fhoo lv vdih li qr orzhu ru xsshu erxqgv ri wkh frqwulexwlrqv fdq eh irxqg zlwklq

s shufhqw ri wkh wuxh ydoxhv1

Djdlq/ lw vx�fhv wr frqvlghu wkh ehvw erxqgv ri d frqwulexwlrq wr d fhoo irxqg

e| d ihoorz uhvsrqghqw lq wkh vdph fhoo wr ghulyh d vdihw| fkhfn1

Zlwk { � � { � � � � � � { � A 3 wkh rughuhg frqwulexwlrqv ri uhvsrqghqwv 4> = = = >Q

uhvshfwlyho|/ wkh ehvw xsshu erxqg ri frqwulexwlrq { � irxqg e| uhvsrqghqw m lv

jlyhq e| a{ � @
S ���� � { � �{� 1 Wklv a{ � lv qrw zlwklq s shufhqw ri wkh wuxh ydoxh { �

li a{ � � { � �
�

����� { � / ru htxlydohqwo|/ li

s

433
{ � �

�
[

��� �
�	�� ��
 �

{ � � 3= +7,

Wkh ehvw orzhu erxqg ri frqwulexwlrq { � e| uhvsrqghqw m lv htxdo wr }hur/

ehfdxvh uhvsrqghqw m kdv qr sulru nqrzohgjh derxw wkh vl}h ri { � 1 Wkh uhvwulfwlrq

wkdw wklv erxqg lv qrw zlwklq s shufhqw ri wkh wuxh ydoxh ri { � lv dozd|v vdwlv�hg/

vr qr h{wud lqhtxdolw| lv irxqg1

Wkh zruvw fdvh ri lqhtxdolw| +7, lv dvvxphg zkhq wkh ohiw0kdqg vlgh lv odujhvw1

Ehfdxvh ri wkh rughulqj ri wkh frqwulexwlrqv/ wklv lv wkh fdvh iru l @ 4 dqg

m @ 5/ zkhuh { � lv hvwlpdwhg e| uhvsrqghqw 51 Wklv phdqv wkdw wkh fhoo lv vdih

dffruglqj wr wkh s0shufhqw uxoh li

s

433
{ � �

�
[

����

{ � � 3= +8,

Wkh uhvw fhoo vhhq e| uhvsrqghqw 4 +ri d vdih fhoo, pljkw vhhp xqvdih/ exw mxvw

dv lv wkh fdvh zlwk wkh s0t uxoh/ wklv lv qrw wuxh ehfdxvh wkh fruuhvsrqglqj fhoo

wrwdo lv qrw nqrzq wr lwv uhvsrqghqwv1 Li wkh fhoo vdwlv�hv +8,/ wkh fhoo lv vdih

iurp wkh ylhzsrlqwv ri doo uhvsrqghqwv1

8



Dw �uvw vljkw/ wkh s0shufhqw uxoh lv d nlqg ri sulru srvwhulru uxoh/ zlwkrxw wkh

dvvxpswlrq ri sulru nqrzohgjh +vr zlwk t @4,1 Krzhyhu/ lw lv d sulrul nqrzq

wkdw doo frqwulexwlrqv duh qrq0qhjdwlyh1 Lq idfw/ wkh s0shufhqw uxoh lv d vshfldo

fdvh ri d s0t uxoh zlwk dq xsshu dqg d orzhu t sdudphwhu1 Wkh d sulrul lqiru0

pdwlrq derxw hyhu| frqwulexwlrq lv wkdw lw olhv ehwzhhq }hur dqg lq�qlw|1 Wklv

fruuhvsrqgv wr t � @ 433 dqg t � @41 Wklv phdqv wkdw wkh vdihw| fkhfn iru wkh

s0shufhqw uxoh fdq eh ghulyhg lpphgldwho| iurp +6, iru wkh h{whqghg s0t uxoh1

Qrwh wkdw dq h{whqvlrq zlwk gl�huhqw s*v lv xvhohvv iru wkh s0shufhqw uxoh1 Wkh

orzhu s lv uhgxqgdqw ehfdxvh wkh ehvw orzhu erxqg ri d frqwulexwlrq { lv htxdo

wr }hur dqg iru hyhu| s wklv lv vpdoohu wkdq +4�
�

����� , {1

6161 Grplqdqfh uxoh

D fhoo lv sulpdu| xqvdih dffruglqj wr wkh grplqdqfh ru +q> n,0uxoh/ li wkh odujhvw

q frqwulexwlrqv wrjhwkhu pdnh xs pruh wkdq n shufhqw ri wkh wrwdo fhoo ydoxh1

Ohw wkh rughuhg frqwulexwlrqv ri d fhoo eh ghqrwhg e| { � � { � � � � � � { � A 3

e| uhvsrqghqwv 4> 5> = = = >Q / uhvshfwlyho|1 Wkhq/ wkh fhoo lv vdih dffruglqj wr wkh

grplqdqfh uxoh/ li

�
[

��� �
{ � �

n

433

�
[

��� �
{ � > +9,

ru htxlydohqwo|/

+4�
n

433
,

�
[

��� �
{ � �

n

433

�
[

��� ��� �
{ � � 3= +:,

Ylhzlqj wkh fhoo iurp wkh srlqw ri uhvsrqghqw 4/ d uhvw fhoo zlwk wrwdo ydoxh
S ���� � { � fdq eh vhhq1 Wklv uhvw fhoo rq lwv rzq pd| eh xqvdih/ ehfdxvh lw grhv qrw

vdwlvi| htxdwlrq +:,1 Krzhyhu/ dv lv wkh fdvh zlwk wkh s0t uxoh/ wkh uhvsrqghqwv

gr qrw nqrz wkh fhoo ydoxh ri wkh uhvw fhoo1 Wkhuhiruh/ whvwlqj d uhvw fhoo iru

vdihw| lv d srlqwohvv h{huflvh1

Wkh grplqdqfh uxoh lv d vrphzkdw shfxoldu uxoh1 Lw lv edvhg rq wkh lghd wkdw

d frdolwlrq ri q� 4 uhvsrqghqwv lq d fhoo pd| qrw eh deoh wr pdnh dq dffxudwh

hvwlpdwh ri dq q0wk frqwulexwlrq1 Wklv vhhpv wr lpso| wkdw wkh huuru lq d erxqg

iru wkh eljjhvw frqwulexwlrq pdgh e| uhvsrqghqwv 5 wr q kdv wr h{fhhg d fhuwdlq

wkuhvkrog1 Wklv zrxog vhhp htxlydohqw wr vrph s0shufhqw uxoh1 Krzhyhu/ iru

q � 5 wklv lv qrw wkh fdvh1 Revhuyh wkhuhiruh wkh iroorzlqj h{dpsoh zlwk d vdih

dqg dq xqvdih fhoo/ zkhuh wkh uhodwlyh huuru lq wkh xsshu erxqg iru wkh eljjhvw

frqwulexwlrq lv wkh vdph1

Frqvlghu d fhoo zlwk frqwulexwlrqv { � > = = = > { � zlwk ydoxhv 58/ 4</ 46/ ; dqg

5/ uhvshfwlyho|/ dqg vxssrvh wkdw wkh +6> ;8,0grplqdqfh uxoh lv xvhg1 Qrz/
S



��� � { � @ 8: A 3=;8

S ���� � { � @ 3=;8 � 9: @ 89=<81 Wkxv/ wkh fhoo lv sulpdu|

9



xqvdih dffruglqj wr wkh +6> ;8,0grplqdqfh uxoh1 Wkh ehvw xsshu erxqg ri { �

zklfk fdq eh fdofxodwhg e| wkh frqwulexwruv ri { � dqg { 
 lv htxdo wr a{ � @

9:� +4< . 46, @ 68 zlwk uhodwlyh huuru

a{ � � { �

{ � @
43

58
@ 3=7=

Qrz/ frqvlghu dqrwkhu fhoo zlwk frqwulexwlrqv | � > = = = > | � htxdo wr 58/ 4</ 45/ ;

dqg 5/ uhvshfwlyho|1 Wkhq/
S



��� � | � @ 89 � 3=;8

S ���� � | � @ 3=;8 � 99 @ 89=41

Wkhuhiruh/ wkh fhoo lv vdih1 Krzhyhu/ wkh ehvw xsshu erxqg ri | � irxqg e| wkh

frqwulexwruv ri | � dqg | 
 lv htxdo wr a| � @ 99�+4<.45, @ 68 zlwk uhodwlyh huuru

a| � � | �

| �
@

43

58
@ 3=7>

zklfk lv wkh vdph uhodwlyh huuru dv lq wkh xsshu erxqg ri { � lq wkh xqvdih fhoo1

Qrwh/ wkdw iru d vshfl�f fhoo/ wkh devroxwh huuru lq wkh ehvw xsshu erxqg iru hdfk

rqh ri wkh q eljjhvw frqwulexwlrqv lv wkh vdph1 Qdpho|/ zlwk a{ � wkh ehvw xsshu

erxqg iru frqwulexwlrq { � +zlwk l � q, e| wkh rwkhu q� 4 odujhvw frqwulexwruv/

wkh devroxwh huuru lv htxdo wr

a{ � � { � @
�
[

��� �
{ � �

�
[

��� �
���� �

{ � � { � @
�
[

��� ��� �
{ � =

Mxvw dv lv wkh fdvh zlwk wkh s0shufhqw uxoh/ wkh ehvw orzhu erxqg ri d frqwulexwlrq

e| d frdolwlrq ri uhvsrqghqwv lv htxdo wr }hur/ zklfk grhv qrw jlyh dq| h{wud

lqirupdwlrq1

Wklv nlqg ri h{dpsoh fdq eh irxqg iru doo q � 51 Krzhyhu/ li q @ 4/ wkh

grplqdqfh uxoh lv nlqg ri vlplodu wr vrph s0shufhqw uxoh1 Lq idfw/ wkh +4> n,0

grplqdqfh uxoh lv htxlydohqw wr wkh uhtxluhphqw wkdw wkh uhodwlyh huuru lq wkh

xsshu erxqg iru { � lv juhdwhu ru htxdo wr
�����

� � 4/ li wkh erxqg lv fdofxodwhg e|

vrphrqh rxwvlgh wkh fhoo1 Wkhq/ wklv erxqg zloo eh htxdo wr wkh fhoo ydoxh W

dqg wkh uhodwlyh huuru lv htxdo wr

a{ � � { �

{ � @
W � { �

{ � @
W

{ �
� 4=

Qrz/ xvlqj +9,/ wkh fhoo lv vdih li dqg rqo| li

{ � �
n

433

�
[

��� �
{ � +,

433

n
{ � � W +,

W

{ �
� 4 �

433

n
� 4= +;,

Vwduwlqj iurp d grplqdqfh uxoh zlwk q @ 4/ W lv lqghhg wkh ehvw srvvleoh

xsshu erxqg iru { � ehfdxvh qr frdolwlrqv +qrw hyhq d frdolwlrq ri rqh, iurp

uhvsrqghqwv zlwklq wkh fhoo duh doorzhg1 Lq idfw/ wklv lv wkh ehvw xsshu erxqg

:



e| dq dwwdfnhu zkr grhv qrw nqrz dq|wklqj derxw wkh lqwhuqdo vwuxfwxuh ri wkh

fhoo1 Krzhyhu/ lq fdvh ri d s0shufhqw uxoh/ wkh ehvw xsshu erxqg iru { � zrxog

eh htxdo wr W � { � 1 Wkxv/ wkh +4> n,0grplqdqfh uxoh lv qrw uhdoo| htxlydohqw wr

d s0shufhqw uxoh/ exw wkh uhodwlyh huuru lq dq xsshu erxqg ri { � fdq eh xvhg1

Frqvhtxhqwo|/ wkhuh lv d nlqg ri glvfrqwlqxlw| ehwzhhq wkh grplqdqfh uxoh zlwk

q @ 4 dqg zlwk q � 51

6171 Sulru srvwhulru dqg s0shufhqw uxohv zlwk q0frdolwlrqv

Wkh sulru srvwhulru dqg s0shufhqw uxohv duh hdvlo| h{whqghg wr lqfrusrudwh wkh

xvh ri frdolwlrqv1 Lq wklv qrwh/ wkh iroorzlqj gh�qlwlrqv iru vdihw| zloo eh xvhg1

D fhoo lv vdih dffruglqj wr d sulru srvwhulru uxoh ru d s0shufhqw uxoh

zlwk q0frdolwlrqv li qr orzhu ru xsshu erxqg ri d frqwulexwlrq fdq

eh fdofxodwhg e| d frdolwlrq ri q rwkhu uhvsrqghqwv zlwklq s shufhqw

ri wkh wuxh ydoxh1

Wklv phdqv wkdw wkh cqrupdo* uxohv fruuhvsrqg wr wkh uxohv zlwk 40frdolwlrqv1

Qrwh/ wkdw wkh xvh ri q lv qrw txlwh wkh vdph dv lq wkh grplqdqfh uxoh1 Lq idfw/

wkh q xvhg khuh sod|v d vlplodu uroh dv q � 4 lq dq +q> n,0uxoh1 Krzhyhu/ e|

fkrrvlqj wkh gh�qlwlrqv wklv zd|/ wkhuh lv qr glvfrqwlqxlw| ehwzhhq fdvhv zlwk

q @ 4 dqg q � 51 Ixuwkhupruh/ wkh lqwhusuhwdwlrq lv pruh vwudljkwiruzdug1

Wkh vdihw| fkhfnv iru erwk wkh sulru srvwhulru dqg wkh s0shufhqw uxohv duh hdvlo|

h{whqghg wr wkh fdvhv zlwk q0frdolwlrqv1 Zlwk wkh qrwdwlrq ri vhfwlrqv 614

dqg 615/ d fhoo lv vdih dffruglqj wr wkh sulru srvwhulru uxoh zlwk q0frdolwlrqv li

s { � � t

�
[

��� ��� �
{ � � 3> +<,

dqg d fhoo lv vdih dffruglqj wr wkh s0shufhqw uxoh zlwk q0frdolwlrqv li

s

433
{ � �

�
[

��� � � �
{ � � 3= +43,

e� ��|�Lh�3@|�L?

Li d fhoo lv qrw vdih dffruglqj wr wkh vhqvlwlylw| phdvxuh xvhg/ wkh fhoo lv vxs0

suhvvhg1 Krzhyhu/ vxssuhvvlrq pd| eh suhyhqwhg li uhvsrqghqwv zlwk odujh

frqwulexwlrqv dxwkrul}h wkh uhohdvh ri lqirupdwlrq derxw wkhvh frqwulexwlrqv1

Lq wkdw fdvh/ d fhoo ydoxh zklfk lv sulpdu| xqvdih pd| vwloo eh sxeolvkhg1 Ri

frxuvh/ dxwkrul}dwlrq e| rqh uhvsrqghqw grhv qrw h{whqg wr frqwulexwlrqv ri

rwkhu uhvsrqghqwv1 Rwkhuzlvh/ wkh uhvsrqghqw zlwk wkh odujhvw frqwulexwlrq

pljkw jlyh dq dxwkrul}dwlrq zlwk wkh dlp wr glvforvh wkh ydoxh ri wkh qh{w

odujhvw frqwulexwlrq1 Wklv phdqv wkdw dq dxwkrul}dwlrq iru wkh sxeolfdwlrq ri

;



wkh odujhvw frqwulexwlrq pd| qrw eh vx�flhqw wr sxeolvk wkh fhoo ydoxh1 Wklv

udlvhv wkh txhvwlrq zkdw fulwhulrq kdv wr eh xvhg wr ghwhuplqh li d fhoo fdq eh

sxeolvkhg lq wkh fdvh ri dxwkrul}dwlrqv1

7141 Wkh sulru srvwhulru dqg s0shufhqw uxohv zlwk dxwkrul}dwlrq

Frqvlghu d fhoo zlwk frqwulexwlrqv { � � { � � � � � � { � e| uhvsrqghqwv 4> = = = >Q /

uhvshfwlyho|1 Wkh fhoo lv vdih dffruglqj wr wkh sulru srvwhulru uxoh li htxdwlrq +5,

lv vdwlv�hg1 Dqdorjrxvo|/ iru vdihw| dffruglqj wr wkh s0shufhqw uxoh/ htxdwlrq +8,

kdv wr eh vdwlv�hg1 Iru erwk uxohv/ wklv phdqv wkdw wkh ehvw erxqgv ri { �

frpsxwhg e| uhvsrqghqw 5 duh qrw zlwklq s shufhqw ri wkh wuxh ydoxh ri { � dqg

doo rwkhu erxqgv zloo eh zruvh lq whupv ri shufhqwdjhv1

Qrz/ frqvlghu wkh fdvh zkhuh wkh htxdwlrq iru wkh sulru srvwhulru uxoh lv qrw

vdwlv�hg1 Wklv phdqv wkdw s { � � t
S �

� ��
 { � A 31 Li uhvsrqghqw 4 kdv jlyhq dq

dxwkrul}dwlrq/ lw pd| vwloo eh srvvleoh wr sxeolvk wkh fhoo1 Wklv ghshqgv rq krz

zhoo wkh rwkhu frqwulexwlrqv fdq eh hvwlpdwhg1 Wkhuhiruh/ revhuyh htxdwlrq +4,

dqg ljqruh wkh fdvh zlwk l @ 4/ ehfdxvh uhvsrqghqw 4 kdv jlyhq dq dxwkrul}dwlrq1

Wkh ohiw kdqg vlgh ri wkh htxdwlrq lv odujhvw iru l @ 5 dqg m @ 4/ ehfdxvh ri

wkh rughulqj ri wkh frqwulexwlrqv1 Li s { � � t
S �

� ��
 { � A 3/ lw phdqv wkdw

uhvsrqghqw 4 fdq �qg dq xsshu ru orzhu erxqg ri { � zlwklq s shufhqw ri { � 1

Zlwkrxw dxwkrul}dwlrq e| uhvsrqghqw 5/ wklv phdqv wkdw wkh fhoo vwloo kdv wr

eh vxssuhvvhg1 Li/ rq wkh rwkhu kdqg/ s { � � t
S �

� ��
 { � � 3/ iru qrqh ri wkh

frqwulexwlrqv { � > = = = > { � dq xsshu ru orzhu erxqg fdq eh fdofxodwhg zlwklq s

shufhqw ri lwv wuxh ydoxh dqg wkh fhoo fdq eh sxeolvkhg1

Iru h{dpsoh/ revhuyh wkh s0t uxoh zlwk +s> t, @ +43> 83, iru wkh fhoo zlwk frq0

wulexwlrqv 433/ <3/ 43/ dqg 91 Wkh uhvsrqghqw zlwk frqwulexwlrq 433 kdv jlyhq

dq dxwkrul}dwlrq1 Qrz/ s { � � t
S �

� ��
 { � @ 43 � <3 � 83 � +43 . 9, @ 433 A 3

dqg wkxv/ wkh fhoo kdv wr eh vxssuhvvhg1 Uhvsrqghqw 4 fdq fdofxodwh dq xsshu

erxqg ri { � dv W � { � �
�
����� +{ 
 . { � , @ 539� 433� 3=8 � +43 . 9, @ <;/ zklfk

lv zlwklq 43 shufhqw ri wkh wuxh ydoxh ri <31

Ri frxuvh/ wkh dujxphqw fdq eh jhqhudol}hg wr d fhoo zlwk vhyhudo dxwkrul}dwlrqv1

Wkh fhoo pd| eh sxeolvkhg li

s { � � t

�
[

� � �
� �� �

{ � � 3 +erxqgv ri { � fdofxodwhg e| uhvsrqghqw 4,>

zkhuh { � lv wkh odujhvw frqwulexwlrq zlwkrxw dxwkrul}dwlrq1 D qlfh surshuw|

ri wklv whvw lv wkdw li lw lv qrw vdwlv�hg/ wkh ruljlqdo vdihw| whvw +5, iru wkh fhoo

zlwkrxw dxwkrul}dwlrqv zdv qrw vdwlv�hg hlwkhu1

Ixuwkhupruh/ wklv whvw lv hdvlo| h{whqghg wr wkh s0t uxoh zlwk q0frdolwlrqv1 D

fhoo zlwk q0frdolwlrqv dqg vhyhudo dxwkrul}dwlrqv pd| eh sxeolvkhg li/ zlwk { �

<



wkh odujhvw frqwulexwlrq zlwkrxw dxwkrul}dwlrq/

s { � � t

�
[

� � ��� �
{ � � 3 iru v ? q. 4>

ru

s { � � t

�
[

� � ��� �
� �� �

{ � � 3 iru v � q. 4=

Wkh vdph dujxphqwv fdq eh xvhg zlwk wkh s0shufhqw uxoh wr �qg wkdw d fhoo zlwk

dxwkrul}dwlrqv pd| eh sxeolvkhg li

s

433
{ � �

�
[

� � �
� �� �

{ � � 3>

li { � lv wkh odujhvw frqwulexwlrq zlwkrxw dxwkrul}dwlrq/ dqg dqdorjrxvo|/ iru wkh

s0shufhqw uxoh zlwk q0frdolwlrqv li

s

433
{ � �

�
[

� � � � �
{ � � 3 iru v ? q. 4>

ru
s

433
{ � �

�
[

� � � � �
� �� �

{ � � 3 iru v � q. 4=

7151 Wkh grplqdqfh uxoh zlwk dxwkrul}dwlrq

D fhoo zlwk frqwulexwlrqv { � � { � � � � � � { � lv vdih dffruglqj wr wkh grplqdqfh

uxoh li htxdwlrq +:, lv vdwlv�hg1 Rwkhuzlvh/ +4�
�

����� ,
S
���� � { � �

�

����� S ���� ��� � { � A 31

Qrz/ vxssrvh wkdw wkh uhvsrqghqw zlwk frqwulexwlrq { � lq dq xqvdih fhoo kdv

jlyhq dq dxwkrul}dwlrq1 Zkdw whvw lv qhhghg qrz wr vhh li wkh fhoo fdq eh

sxeolvkhgB

Iru q @ 4/ wkh +q> n,0uxoh lv htxlydohqw wr wkh uhtxluhphqw wkdw wkh uhodwlyh

huuru lq wkh ehvw xsshu erxqg iru { � lv juhdwhu ru htxdo wr
�����

� � 4/ li wkh erxqg

lv fdofxodwhg e| vrphrqh rxwvlgh wkh fhoo +vhh vhfwlrq 616,1 Wklv lqwhusuhwdwlrq

fdq eh xvhg wr ghwhuplqh li wkh fhoo fdq eh sxeolvkhg1 Wkh uhvsrqghqw ri { �

fdq eh ylhzhg dv dq rxwvlghu wr wkh uhvw fhoo/ frqvlvwlqj ri wkh frqwulexwlrqv

{ � � � � � � { � 1 Wkh ehvw xsshu erxqg iru { � e| wklv uhvsrqghqw lv htxdo wr

W � { � 1 Dqdorjrxvo| wr +;,/ wkh fhoo pd| eh sxeolvkhg li

+W � { � ,
{ �

� 4 �
433

n
� 4 +,

W � { �

{ �
�

433

n
=

Hyhq li wkhuh duh vhyhudo dxwkrul}dwlrqv/ wkh ehvw xsshu erxqg e| dq crxwvlghu*

iru wkh odujhvw frqwulexwlrq zlwkrxw dxwkrul}dwlrq { � / lv htxdo wr W � { � 1 Lq

wkdw fdvh/ sxeolfdwlrq ri wkh fhoo lv doorzhg li

+W � { � ,
{ �

� 4 �
433

n
� 4 +,

W � { �

{ �

�
433

n
=

43



Krzhyhu/ iru q � 5/ wkh h{dpsoh lq vhfwlrq 616 vkrzv wkdw wkh uhodwlyh huuru lq

dq xsshu erxqg fdqqrw eh xvhg1 Wkxv/ wkh suhylrxvo| phqwlrqhg whvwv duh qrw

srvvleoh1 Lw dovr phdqv wkdw d qdwxudo fkrlfh dv xvlqj d +q � 4> n,0grplqdqfh

uxoh rq wkh uhvw fhoo zlwk frqwulexwlrqv { � > = = = > { � lv lpsrvvleoh/ ehfdxvh wklv

fkrlfh lv dovr edvhg rq wkh uhodwlyh huuru lq wkh xsshu erxqg1 Qdpho|/ wkh

devroxwh huuru lq wkh xsshu erxqg iru wkh vhfrqg odujhvw frqwulexwlrq irxqg e|

d +zruvw fdvh, frdolwlrq ri q� 4 rwkhu uhvsrqghqwv lq wkh ruljlqdo fhoo lv htxdo

wr
S ���� � { � �

S
���� � { � @

S ���� � � � { � 1 Lq wkh uhvw fhoo zlwk rqo| wkh frqwulexwlrqv

{ � � { 
 � � � � � { � / wkh devroxwh huuru lq wkh xsshu erxqg iru { � e| d +zruvw

fdvh, frdolwlrq ri q� 5 rwkhu uhvsrqghqwv lv dovr htxdo wr
S ���� � { � �

S
���� � { � @

S ���� ��� � { � 1 D fohdu h{dpsoh zk| wklv uxoh lv qrw d jrrg fkrlfh/ lv jlyhq e| d fhoo

zlwk wkh frqwulexwlrqv 43/ 43/ 8/ 6 dqg 51 Xqghu wkh +6> ;3,0grplqdqfh uxoh/ wklv

fhoo lv qrw vdih1 Qrz/ vxssrvh wkdw wkh uhvsrqghqw ri rqh ri wkh frqwulexwlrqv

zlwk ydoxh 43 kdv jlyhq dq dxwkrul}dwlrq1 Wkh +5> ;3, uxoh dssolhg wr wkh uhvw

fhoo |lhogv d vdih fhoo1 Krzhyhu/ zk| vkrxog rqh frqwulexwlrq ri 43 lq d fhoo eh

vdih/ zkloh dqrwkhu frqwulexwlrq ri 43 lq wkh vdph fhoo zrxog eh xqvdihB

Vr idu/ qr jrrg whvw kdv ehhq irxqg zkhq dxwkrul}dwlrqv duh xvhg zlwk wkh

+q> n,0uxoh iru q � 51

D� �hL|iU|�L? *i�i*t uLh Th�4@h) �?t@ui Ui**t

8141 Surwhfwlrq ohyhov lq uhodwlrq wr olqhdu vhqvlwlylw| phdvxuhv

Wkh olqhdu vhqvlwlylw| phdvxuhv fdq eh xvhg wr �qg sulpdu| xqvdih fhoov1 Wkhq/

wr �qg ihdvleoh surwhfwlrq sdwwhuqv zlwk KlWdV ru DUJXV/ surwhfwlrq ohyhov

kdyh wr eh gh�qhg1 Ri frxuvh/ lw zrxog eh ehvw li wkh surwhfwlrq ohyhov duh

fkrvhq vxfk wkdw wkh| djuhh lq vrph zd| zlwk wkh vhqvlwlylw| phdvxuh xvhg1

Lq wklv vhfwlrq/ srvvleoh zd|v wr gh�qh wkh surwhfwlrq ohyhov fruuhvsrqglqj wr

gl�huhqw vhqvlwlylw| phdvxuhv duh glvfxvvhg1 Iru d vshfl�f fhoo zlwk wrwdo ydoxh W /

wkh xsshu/ orzhu/ dqg volglqj surwhfwlrq ohyhov zloo eh ghqrwhg e| X / O/ dqg

V/ uhvshfwlyho|1 Wklv phdqv wkdw lq wkh �qdo surwhfwhg wdeoh/ wkh ihdvlelolw|

lqwhuydo
�
vkrxog frqwdlq wkh surwhfwlrq lqwhuydo ^W � O>W . X ` zlwk wkh ohqjwk

ri wkh ihdvlelolw| lqwhuydo juhdwhu ru htxdo wr V1

814141 Surwhfwlrq ohyhov iru wkh sulru srvwhulru uxoh

Frqvlghu wkh fhoo zlwk rughuhg frqwulexwlrqv { � � { � � � � � � { � A 3 e|

uhvsrqghqwv 4/ = = = / Q/ uhvshfwlyho|1 Dvvxph wkdw d srvvleoh dwwdfnhu wulhv wr

hvwlpdwh wkh ydoxh ri { � xvlqj wkh ihdvlelolw| lqwhuydo iurp wkh �qdo surwhfwhg

wdeoh1 Wkhq/ wkh dwwdfnhu fdq fdofxodwh dq lqwhuydo frqwdlqlqj { � zlwk fhuwdlqw|1
�

A�i ui@t�M�*�|) �?|ih�@* Lu @ t�TThitti_ Ui** �t |�i �?|ih�@* Lu TLtt�M*i �@*�it Lu |��t Ui** ��|�

|�i }��i? ThL|iU|�L? T@||ih?�

44



Ri frxuvh/ wklv lqwhuydo zloo eh ehvw li wkh dfwxdo ihdvlelolw| lqwhuydo lv dw lwv

vpdoohvw/ dqg wkxv htxdo wr wkh surwhfwlrq lqwhuydo1 Djdlq/ wkh zruvw fdvh zloo

rffxu li uhvsrqghqw 5 fdofxodwhv dq lqwhuydo iru { � 1 Wkh xsshu erxqg ri { �

fdofxodwhg e| uhvsrqghqw 5 lv htxdo wr { � @ W . X � { � � +4 �
�
����� ,

S �����
 { � 1

Wklv erxqg lv qrw zlwklq s shufhqw ri wkh wuxh ydoxh ri { � li { � � +4 .
�

����� ,{ � 1

Wklv lv wkh fdvh li

X �
s

433
{ � �

t

433

�
[

����

{ � > +44,

zklfk lv htxlydohqw wr

X � +
t

433
.

s

433
, { � .

t

433
{ � �

t

433
W=

Vlploduo|/ uhtxlulqj wkh fdofxodwhg orzhu erxqg ri { � / htxdo wr { � @ W � O �

{ � � +4 .
�
����� ,

S �����
 { � / wr eh vpdoohu wkdq +4�
�

����� , { � / ohdgv wr wkh iroorzlqj

uhtxluhphqw iru O

O �
s

433
{ � �

t

433

�
[

����

{ � = +45,

Uhtxluhphqwv iru X dqg O lq fdvh ri d s0t uxoh zlwk q0frdolwlrqv ru zlwk ydu|lqj

s*v dqg t*v fdq eh ghulyhg vlploduo|1

Wkh suhfhglqj lqhtxdolwlhv kdyh ehhq ghulyhg rq wkh dvvxpswlrq wkdw wkh d

sulrul nqrzohjgh ri uhvsrqghqwv +prghoohg e| sdudphwhu t, lv uhvwulfwhg wr rwkhu

frqwulexwlrqv ri wkh fhoo1 Krzhyhu/ li wkh vwurqjhu dvvxpswlrq lv xvhg zkhuh

d uhvsrqghqw dovr nqrzv wkh ydoxhv ri frqwulexwlrqv lq rwkhu fhoov zlwklq dw

prvw t shufhqw/ wkh xsshu dqg orzhu surwhfwlrq ohyhov vkrxog eh fkrvhq kljkhu1

Qdpho|/ wkh dprxqw X zklfk lv wkh uhtxluhg xszdugv yduldelolw| iru wkh sulpdu|

xqvdih fhoo xqghu frqvlghudwlrq lq wkh �qdo surwhfwlrq sdwwhuq/ lv ruljlqdwlqj

iurp dqrwkhu vxssuhvvhg fhoo1 Xvlqj wkh sulru nqrzohgjh derxw wkh wuxh ydoxh

ri wkdw fhoo +nqrzq zlwklq dw prvw t shufhqw ri lwv wuxh ydoxh,/ lw lv srvvleoh

wkdw d uhvsrqghqw fdq fdofxodwh d ehwwhu xsshu erxqg ri { � wkdq zlwkrxw wklv

lqirupdwlrq1 Iru h{dpsoh/ wkh uhtxluhphqw ri dq xsshu surwhfwlrq ohyho X frxog

eh phw lq wkh �qdo surwhfwlrq sdwwhuq e| +dprqj rwkhuv, fkrrvlqj d vhfrqgdu|

vxssuhvvlrq zlwk fhoo ydoxh X lq wkh vdph urz2froxpq2111 dv wkh sulpdu| xqvdih

fhoo1 Lw lv srvvleoh wkdw lq wklv gluhfwlrq ri wkh wdeoh/ wkh vhfrqgdu| dqg sulpdu|

vxssuhvvlrq duh wkh rqo| wzr vxssuhvvhg fhoov1 Wkhq/ wkh ehvw xsshu erxqg

iru { � e| wkh uhvsrqghqw ri frqwulexwlrq { � lv htxdo wr W . X � { � � +4 �
�
����� ,

S �����
 {� � +4�
�
����� , X 1 Uhtxlulqj wkdw wklv erxqg lv qrw zlwklq s shufhqw

ri wkh wuxh ydoxh { � / uhvxowv lq wkh iroorzlqj uhtxluhphqw iru X/

X �
s

t
{ � �

�
[

����

{ � = +46,

Wklv lv htxlydohqw wr

X � +4 .
s

t
, { � . { � � W=
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Qrwh/ wkdw wkh uhtxluhg X lv
�����
� +zklfk lv odujhu wkdq ru htxdo wr 4, wlphv wkh

dprxqw zklfk lv uhtxluhg xqghu wkh dvvxpswlrq wkdw wkh d sulrul lqirupdwlrq

ri d uhvsrqghqw rqo| frqfhuqv frqwulexwlrqv lq klv rzq fhoo1

Ri frxuvh/ wkh vdph dujxphqwv krog iru wkh orzhu surwhfwlrq ohyho O/ ohdglqj wr

wkh uhtxluhphqw

O �
s

t
{ � �

�
[

����

{ � > +47,

xqghu wkh vwurqjhu irup ri d sulrul lqirupdwlrq1

Iru wkh vdnh ri frqyhqlhqfh/ wkh zhdnhu dvvxpswlrq ri d sulrul nqrzohgjh lv

xvhg lq wkh uhvw ri wklv qrwh1

Qrwh/ wkdw wkh dlp ri wkh surwhfwlrq ohyhov/ lv wr hqodujh wkh lqwhuydov wkdw fdq

eh fdofxodwhg iru wkh frqwulexwlrqv lq dq xqvdih fhoo/ vxfk wkdw qr lqwhuydo fdq

eh irxqg o|lqj zlwklq s shufhqw ri wkh wuxh ydoxh ri wkh frqwulexwlrq1 Iurp wkh

gh�qlwlrq xvhg iru wkh s0t uxoh/ wklv phdqv wkdw surwhfwlrq ohyhov X dqg O kdyh

wr eh fkrvhq/ vdwlvi|lqj dw ohdvw +44, dqg +45,/ uhvshfwlyho| +ru vdwlvi|lqj +46,

dqg +47, xqghu wkh vwurqjhu dvvxpswlrq ri d sulrul nqrzohgjh,1 Krzhyhu/ li wkh

ylhz lv dgrswhg wkdw d vxssuhvvhg fhoo lv vdih li iru qrqh ri lwv frqwulexwlrqv d

orzhu dqg dq xsshu erxqg zlwklq s shufhqw ri wkh wuxh ydoxh fdq eh irxqg/ lw

lv qrw qhfhvvdu| wr uhtxluh erwk dq xsshu dqg d orzhu surwhfwlrq ohyho1 Wkhq/

d ihdvlelolw| lqwhuydo frqwdlqlqj ydoxhv dw ohdvw dv odujh dv W soxv wkh uljkwkdqg

vlgh ri +44, ru dw ohdvw dv vpdoo dv W plqxv wkh uljkwkdqg vlgh ri +45,/ zloo

eh vdih1 Wkxv/ lw lv vx�flhqw wr uhtxluh rqo| dq xsshu surwhfwlrq ohyho ru d

orzhu surwhfwlrq ohyho1 Pruhryhu/ lw lv dovr vx�flhqw li rqo| d volglqj surwhfwlrq

ohyho lv fkrvhq zlwk V dw ohdvw dv odujh dv wkh vxp ri wkh uljkwkdqg vlghv ri

+44, dqg +45,1 Rwkhu srvvlelolwlhv duh xvlqj d frpelqdwlrq ri dq xsshu dqg d

volglqj surwhfwlrq ohyho ru d orzhu dqg d volglqj surwhfwlrq ohyho1 Lq wklv qrwh/

vxssuhvvhg fhoov zloo eh frqvlghuhg vdih li erwk wkh orzhu dqg xsshu erxqgv ri

hdfk frqwulexwlrq duh qrw zlwklq s shufhqw ri wkh wuxh ydoxh1

Wkh surwhfwlrq ohyhov fdq eh fkrvhq vxfk wkdw wkh hvwlpdwlrq lqwhuydo iru wkh

odujhvw frqwulexwlrq zloo frqwdlq d suhgh�qhg ohqjwk zlwk ydoxhv wkdw zloo jlyh

hvwlpdwhv odujhu ru vpdoohu wkdq s shufhqw ri lwv wuxh ydoxh1 Ri frxuvh/ li wkh

hvwlpdwlrq lqwhuydo frqwdlqv ydoxhv rxwvlgh t shufhqw ri wkh ydoxh ri { � / wkh

dwwdfnhu zloo nqrz wkdw wkh| duh qrw wuxh1 Wkxv/ lw lv xvhohvv wr fkrrvh wkh

surwhfwlrq ohyhov wrr odujh1

814151 Surwhfwlrq ohyhov iru wkh s0shufhqw uxoh

Surwhfwlrq ohyhov iru wkh s0shufhqw uxoh fdq eh irxqg lq d vlplodu zd| wr wkrvh

irxqg iru wkh s0t uxoh1 Wklv ohdgv wr wkh iroorzlqj uhtxluhphqw iru wkh xsshu
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surwhfwlrq ohyho X

X �
s

433
{ � �

�
[

����

{ � @ +4 .

s

433
, { � . { � � W= +48,

Iru wkh orzhu surwhfwlrq ohyho/ qr uhtxluhphqw fdq eh ghulyhg1 Wklv lv ehfdxvh

wkh orzhu erxqg ri d ihdvlelolw| lqwhuydo fdqqrw eh xvhg wr �qg d orzhu erxqg

ri wkh odujhvw frqwulexwlrq +h{fhsw iru }hur/ exw wklv erxqg lv douhdg| nqrzq,1

Qdpho|/ lq wkh zruvw fdvh zkhuh wkh ihdvlelolw| lqwhuydo lv htxdo wr wkh surwhfwlrq

lqwhuydo/ wkh uhvsrqghqw ri wkh vhfrqg odujhvw frqwulexwlrq zloo fdofxodwh d orzhu

erxqg ri wkh odujhvw frqwulexwlrq dv= wkh orzhvw srvvleoh ydoxh ri wkh fhoo +W�O,

plqxv klv rzq frqwulexwlrq +{ � , plqxv dq xsshu erxqg ri wkh vxp ri wkh

uhpdlqlqj frqwulexwlrqv1 Krzhyhu/ ehfdxvh wkhuh lv qr d sulrul lqirupdwlrq/ wkh

ehvw ydoxh iru wkh xsshu erxqg ri
S �����
 { � lv htxdo wr W . X � { � 1 Wkhq/ wkh

orzhu erxqg { � ri wkh odujhvw frqwulexwlrq lv htxdo wr

{ � @ W � O� { � � +W . X � { � , @ �+O. X, � 3>

dqg wklv zdv douhdg| nqrzq1

Lq wklv vlwxdwlrq/ wkh uhvwulfwlrqv rq wkh xsshu surwhfwlrq ohyho vkrxog eh xvhg1

Qr fkrlfh ri rqo| orzhu dqg2ru volglqj surwhfwlrq ohyhov zloo jxdudqwhh d ihd0

vlelolw| lqwhuydo frqwdlqlqj ydoxhv ohdglqj wr dq xsshu erxqg ri wkh odujhvw

frqwulexwlrq qrw zlwklq s shufhqw ri lwv wuxh ydoxh1

Qrwh/ wkdw wkh irupxodv iru wkh s0shufhqw uxoh dovr iroorz gluhfwo| iurp wkrvh iru

wkh s0t uxoh e| vxevwlwxwlqj t @ 433 iru wkh xsshu surwhfwlrq ohyho dqg t @4

iru wkh orzhu surwhfwlrq ohyho1

814161 Surwhfwlrq ohyhov iru wkh grplqdqfh uxoh

Iru wkh grplqdqfh uxoh/ d uhtxluhphqw rq wkh wrwdo fhoo ydoxh fdq eh ghulyhg

iurp htxdwlrq +9,1 D fhoo lv vdih dffruglqj wr wkh grplqdqfh uxoh li

�
[

��� �
{ � �

433

n

�
[

��� �
{ � =

Wklv lqhtxdolw| zloo eh xvhg wr ghulyh uhtxluhphqwv rq wkh surwhfwlrq ohyhov1

Qrwh wkdw wkh uhodwlyh huuru lq wkh hvwlpdwh iru { � fdq qrw eh xvhg/ ehfdxvh wkh

grplqdqfh uxoh lv qrw frqvlvwhqw zlwk uhvshfw wr wklv huuru +vhh wkh h{dpsoh lq

vhfwlrq 616,1

Iurp wkh gh�qlwlrq ri vdihw| dffruglqj wr wkh +q> n,0uxoh/ wkh gl�huhqfh ehwzhhq

wkh vxp ri wkh q odujhvw frqwulexwlrqv dqg wkh fhoo ydoxh vkrxog eh dw ohdvw 433�n

shufhqw ri wkh fhoo ydoxh1 Wkxv/ wkh xsshu erxqg ri wkh surwhfwlrq lqwhuydo W.X

vkrxog eh dw ohdvw htxdo wr wkh vxp ri wkh q odujhvw frqwulexwlrqv soxv 433� n

shufhqw ri W . X 1 Wklv ohdgv wr wkh iroorzlqj uhtxluhphqw iru X

X �
433

n

�
[

��� �
{ � � W= +49,
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Uhvwulfwlrqv rq wkh orzhu surwhfwlrq ohyho fdq qrw eh irxqg1

8151 Surwhfwlrq iru lqglylgxdo fhoov frpsduhg wr fhoo frpelqdwlrqv

Lq wkh suhylrxv vhfwlrq/ srvvleoh zd|v wr gh�qh surwhfwlrq ohyhov iru lqglylgxdo

fhoov duh ghvfulehg1 Xvlqj wkh phwkrg ri Ilvfkhwwl dqg Vdod}du/ d surwhfwlrq

sdwwhuq iru hdfk vxe0wdeoh ri d klhudufklfdo wdeoh fdq eh irxqg1 Wklv sdwwhuq

zloo eh vxfk wkdw wkh sulpdu| xqvdih fhoov fdq qrw eh fdofxodwhg zlwklq wkh jlyhq

surwhfwlrq ohyhov1 Krzhyhu/ wkh ydoxh ri ydulrxv djjuhjdwlrqv ri vxssuhvvhg

fhoov fdq eh fdofxodwhg h{dfwo|1 Iru h{dpsoh/ zkhq rqo| wzr fhoov lq wkh vdph

urz ri d wdeoh duh vxssuhvvhg/ wkhlu wrwdo ydoxh fdq eh frpsxwhg iurp wkh

vxewrwdo dqg wkh rwkhu nqrzq ydoxhv lq wkh urz1 Wkhvh djjuhjdwlrqv zklfk

fdq eh fdofxodwhg h{dfwo|/ duh qrw uhvwulfwhg wr fhoov lq wkh vdph gluhfwlrq ri d

wdeoh exw fdq rffxu wkurxjk wkh zkroh wdeoh1 Lq idfw/ vxfk djjuhjdwlrqv pd|

eh glvwulexwhg ryhu vhyhudo vxe0wdeohv ri rqh klhudufklfdo wdeoh/ zlwk vhyhudo

sduwv ri wkh djjuhjdwlrq orfdwhg lq gl�huhqw vxe0wdeohv +qrwh/ krzhyhu/ wkdw wkh

surwhfwlrq phwkrg lv xvhg shu vxe0wdeoh,1 Li dq djjuhjdwlrq zkrvh ydoxh fdq eh

fdofxodwhg h{dfwo|/ grhv qrw frqwdlq d vpdoohu djjuhjdwlrq zlwk wklv surshuw|/ lw

lv fdoohg dq hohphqwdu| djjuhjdwlrq1 Qrwh wkdw wkhvh hohphqwdu| djjuhjdwlrqv

ghshqg rq wkh surwhfwlrq sdwwhuq1

Qrz/ wkh txhvwlrq fdq eh dvnhg li wkhvh djjuhjdwlrqv duh vdih/ ru li dgglwlrqdo

surwhfwlrq lv qhhghg1 D vxjjhvwlrq +vhh W1 gh Zddo/ 5333, lv wr gh�qh d vxssuhv0

vlrq sdwwhuq vx�flhqw li dqg rqo| li doo hohphqwdu| djjuhjdwlrqv ri wkh sdwwhuq

vdwlvi| wkh vhqvlwlylw| phdvxuh xvhg
�
1 Iru h{dpsoh/ li dq +q> n,0uxoh lv xvhg/

wkh eljjhvw q frqwulexwlrqv lq dq hohphqwdu| djjuhjdwlrq vkrxog qrw h{fhhg n

shufhqw ri lwv wrwdo ydoxh1 Krzhyhu/ vxfk d uhtxluhphqw qhhg qrw fruuhvsrqg

wr wkh dssurdfk wr rewdlq vdih wdeohv wkurxjk vxssuhvvlrq sdwwhuqv edvhg rq

surwhfwlrq ohyhov1

Hyhq pruh jhqhudo/ wkh xvh ri surwhfwlrq ohyhov qhhg qrw fruuhvsrqg zlwk wkh

vhqvlwlylw| phdvxuh xvhg1 Wklv phdqv wkdw d wdeoh zklfk lv surwhfwhg xvlqj

surwhfwlrq ohyhov/ pd| frqwdlq d fhoo iru zklfk wkh surwhfwlrq lqwhuydo grhv qrw

frqwdlq rqh ydoxh iru zklfk wkh fhoo vdwlv�hv wkh vhqvlwlylw| phdvxuh +qrwh wkdw

wklv lv qrw srvvleoh li wkh surwhfwlrq ohyhov duh fkrvhq lq d culjkw* uhodwlrq wr

wkh vhqvlwlylw| phdvxuh,1 Wklv pd| kdsshq iru h{dpsoh/ zkhq d grplqdqfh

uxoh lv xvhg wr rewdlq wkh sulpdu| xqvdih fhoov/ zklfk duh wkhq surwhfwhg zlwk

surwhfwlrq ohyhov htxdo wr d fhuwdlq shufhqwdjh ri wkh fhoo ydoxh1

Dovr/ lq wkh fdvh zkhuh wkh surwhfwlrq ohyhov duh ghulyhg iurp wkh vhqvlwlylw|

phdvxuh xvhg/ hohphqwdu| djjuhjdwlrqv gr qrw dozd| vdwlvi| wklv vhqvlwlylw|
�
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phdvxuh1 Iru h{dpsoh/ frqvlghu wkh ohiw kdqg wdeoh lq Iljxuh 4 zlwk rqo| wzr

sulpdu| xqvdih fhoov/ wkh rqhv zlwk ydoxh 76 dqg 7< lq wkh �uvw urz1 Wkh fhoo

zlwk ydoxh 76 kdv frqwulexwlrqv 65/ 7/ 7/ 5 dqg 4/ dqg wkh fhoo zlwk ydoxh 7<

kdv frqwulexwlrqv 66/ 9/ 8 dqg 81 Dffruglqj wr d +5> :3,0grplqdqfh uxoh/ wkh

fhoov duh sulpdu| xqvdih1 Dffruglqj wr uhtxluhphqw +49,/ wkh xsshu surwhfwlrq

ohyho ri wkh �uvw fhoo fdq eh fkrvhq htxdo wr < dqg ri wkh vhfrqg fhoo htxdo

wr :1 Wkhq/ wkh surwhfwlrq sdwwhuq lq wkh vhfrqg sduw ri wkh �jxuh surwhfwv

erwk fhoov vx�flhqwo|1 Wkh ihdvlelolw| lqwhuydo iru erwk xqvdih fhoov lv htxdo

wr ^W � <> W . <` zlwk W wkh fhoo ydoxh ri wkh fhoo frqvlghuhg1 Krzhyhu/ wkh

wrwdo ydoxh ri wkh frpelqdwlrq ri wkh vxssuhvvhg fhoov lq wkh �uvw urz lv nqrzq

dqg htxdo wr <51 Ixuwkhupruh/ wkh vxp ri wkh wzr odujhvw frqwulexwlrqv lq wklv

frpelqdwlrq lv htxdo wr 65.66 @ 98/ zklfk pdnhv wkh frpelqdwlrq fhoo sulpdu|

xqvdih dffruglqj wr wkh +5> :3,0grplqdqfh uxoh1

Qrwh wkdw lq wklv h{dpsoh/ wkh sduw ri hdfk xqvdih fhoo qhhghg wr surwhfw wkh

rwkhu xqvdih fhoo grhv qrw lqyroyh wkh wzr odujhvw frqwulexwlrqv1

43 76 7< 435

44 < < 5<

54 85 8; 464

@,

43 [ [ 435

44 [ [ 5<

54 85 8; 464

Iljxuh 4 Xqvdih hohphqwdu| djjuhjdwlrqv zlwk wzr xqvdih fhoov

Lq wkh suhylrxv h{dpsoh/ wzr xqvdih fhoov zhuh xvhg wr surwhfw hdfk rwkhu1

Krzhyhu/ hyhq li wkhuh lv rqo| rqh xqvdih fhoo/ wkhuh pd| dulvh dq hohphqwdu|

djjuhjdwlrq zklfk grhv qrw vdwlvi| wkh grplqdqfh uxoh1 Wkhuhiruh/ frqvlghu wkh

wdeoh lq Iljxuh 5 zlwk rqo| rqh sulpdu| xqvdih fhoo/ wkh rqh zlwk ydoxh 761 Wkh

fhoo kdv frqwulexwlrqv 65/ 7/ 7/ 5 dqg 41 Dffruglqj wr d +5> :3,0grplqdqfh uxoh/

wkh fhoo lv sulpdu| xqvdih1 Djdlq xvlqj +49,/ wkh xsshu surwhfwlrq ohyho fdq eh

fkrvhq htxdo wr <1 Zlwk wkh vdph surwhfwlrq sdwwhuq dv lq wkh suhylrxv h{dpsoh/

wkh ihdvlelolw| lqwhuydo iru wkh xqvdih fhoo lv htxdo wr ^67> 85`1 Qrz/ vxssrvh wkdw

wkh frqwulexwlrqv wr wkh fhoo lq wkh �uvw urz zlwk ydoxh < duh htxdo wr 8/ 4/ 4/

4/ dqg 4/ uhvshfwlyho|1 Wkhq/ wklv fhoo lv vdih1 Krzhyhu/ zlwk wkh nqrzq wrwdo

ydoxh ri wkh vxssuhvvhg fhoov lq wkh �uvw urz htxdo wr 85 dqg wkh vxp ri wkh wzr

odujhvw frqwulexwlrqv lq wklv frpelqdwlrq htxdo wr 65.8 @ 6:/ wkh frpelqdwlrq

fhoo lv djdlq sulpdu| xqvdih dffruglqj wr wkh +5> :3,0grplqdqfh uxoh1

43 76 < 95

44 < < 5<

54 85 4; <4

Iljxuh 5 Xqvdih hohphqwdu| djjuhjdwlrq zlwk rqh xqvdih fhoo

Wklv sureohp lv qrw uhvwulfwhg wr wkh xvh ri wkh grplqdqfh uxoh zlwk q � 5 +qrwh

wkdw wklv sureohp grhv qrw rffxu zkhq d +4> n,0uxoh lv xvhg,1 Iru h{dpsoh/ iru

wkh s0t dqg s0shufhqw uxohv/ wkh vdph nlqg ri h{dpsohv fdq eh frqvwuxfwhg1
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Wkxv/ hohphqwdu| djjuhjdwlrqvpd| qhhg h{wud surwhfwlrq/ hyhq li wkh surwhfwlrq

ohyhov duh ghulyhg iurp wkh vhqvlwlylw| phdvxuh xvhg1 Wkh sureohp lv hyhq zruvh/

li wkh vdph uhvsrqghqw fdq rffxu lq gl�huhqw fhoov1 Wklv kdv wr gr zlwk wkh

kroglqj sureohp/ zklfk lv glvfxvvhg lq vhfwlrq :141 Lq wkdw vhfwlrq/ d srvvleoh

vroxwlrq lv vxjjhvwhg zklfk zloo dovr zrun lq wkh fdvh ri xqvdih djjuhjdwlrqv1

Lw lv edvhg rq uhvwulfwlrqv rq wkh dprxqw ri surwhfwlrq wkdw fhoov fdq jlyh hdfk

rwkhu1 Rqo| wkh sduw ri wkh fhoo zklfk lv h{wud lq uhodwlrq wr wkh plqlpdo fhoo

ydoxh iru zklfk wkh fhoo zrxog eh vdih/ pd| eh xvhg iru surwhfwlrq ri rwkhu fhoov1

Wklv lv fdoohg wkh surwhfwlrq fdsdflw| ri wkh fhoo1 Xqiruwxqdwho|/ wkh vroxwlrq

zloo ohdg wr ryhusurwhfwlrq doprvw fhuwdlqo|1

Lq wkh qh{w sdudjudsk d srvvleoh vroxwlrq iru wkh sureohp ri vxssuhvvhg fhoo

frpelqdwlrqv zlwk wrr ihz frqwulexwlrqv lq wkh vdph gluhfwlrq ri wkh wdeoh lv

sursrvhg1 Wklv dssurdfk frxog eh dgdswhg wr wkh sureohp ri hohphqwdu| djjuh0

jdwlrqv lq d vshfl�f gluhfwlrq ylrodwlqj wkh olqhdu vhqvlwlylw| phdvxuh1 Wkhq/ wkh

surwhfwlrq ohyhov duh fkrvhq vxfk wkdw hohphqwdu| djjuhjdwlrqv ri fhoov rffxuulqj

lq wkh vdph gluhfwlrq +urz2froxpq2111, ri d wdeoh zloo vdwlvi| wkh ghvluhg olqhdu

vhqvlwlylw| phdvxuh1 Lq idfw/ iru hdfk xqvdih fhoo/ doo frpelqdwlrqv zlwk rwkhu

fhoov lq wkh vdph gluhfwlrq duh whvwhg iru frpsoldqfh zlwk wkh olqhdu vhqvlwly0

lw| phdvxuh1 Wkhq wkh surwhfwlrq ohyhov duh fkrvhq kljkhu wkdq wkh surwhfwlrq

jlyhq e| wkh odujhvw frpelqdwlrq zklfk zrxog eh xqvdih1 Wklv dssurdfk zloo

uhtxluh yhu| pxfk h{wud wlph dqg h�ruw dqg lv h{shfwhg wr fdxvh vxevwdqwldo

ryhusurwhfwlrq1 Lq sudfwlfh/ wklv vroxwlrq grhv qrw vhhp vxlwdeoh wr hqirufh wkh

olqhdu vhqvlwlylw| phdvxuh iru hohphqwdu| djjuhjdwlrqv1

8161 Surwhfwlrq ohyhov iru fhoov zlwk wrr ihz frqwulexwlrqv

Olqhdu vhqvlwlylw| phdvxuhv duh riwhq xvhg lq frpelqdwlrq zlwk d uxoh gh�qlqj

d fhoo sulpdu| xqvdih zkhq wkh qxpehu ri frqwulexwlrqv lv orzhu wkdq d fhuwdlq

qxpehu1 Wr xvh wklv nlqg ri cqxpehu uxoh* zlwk KlWdV ru DUJXV/ wkhvh fhoov

duh dvvljqhg wkh vwdwxv sulpdu| xqvdih1 Vrph srvlwlyh surwhfwlrq ohyhov iru wkhvh

fhoov kdyh wr eh gh�qhg/ wr suhyhqw wkh ydoxhv ri wkhvh fhoov wr eh fdofxodwhg

iurp wkh surwhfwhg wdeoh1

Ixuwkhupruh/ wkh surwhfwlrq sdwwhuqv duh suhihuuhg wr eh vxfk wkdw frpelqdwlrqv

ri vxssuhvvhg fhoov lq wkh vdph gluhfwlrq ri d wdeoh/ dovr vdwlvi| wkh qxpehu uxoh

dqg wkh vhqvlwlylw| phdvxuh1 Lq idfw/ wklv frxog dovr eh uhtxluhg iru hyhu| ho0

hphqwdu| djjuhjdwlrq1 Wklv phdqv wkdw wkh surwhfwlrq ohyhov dw ohdvw vkrxog

eh fkrvhq lq uhodwlrq wr wkh olqhdu vhqvlwlylw| phdvxuh +vhh vhfwlrq 814,1 Xq0

iruwxqdwho|/ dv vkrzq lq wkh suhylrxv vhfwlrq/ lw lv gl�fxow wr jxdudqwhh wkh

frpsoldqfh zlwk wkh olqhdu vhqvlwlylw| phdvxuh1 Dovr/ wkh prvw vwudljkwiruzdug

zd|v wr gh�qh surwhfwlrq ohyhov zloo qrw jxdudqwhh wkdw wkh qxpehu uxoh lv vdw0

lv�hg1

Iru h{dpsoh/ zkhq d qxpehu06 uxoh lv xvhg/ fhoov zlwk ohvv wkdq irxu frqwulex0
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wlrqv kdyh wr eh surwhfwhg1 Dvvxph wkdw wklv uxoh lv xvhg lq frpelqdwlrq zlwk d

+5> ;3,0grplqdqfh uxoh1 Iru doo fhoov zlwk irxu ru pruh frqwulexwlrqv/ wkh grp0

lqdqfh uxoh gh�qhv zklfk fhoov duh vhqvlwlyh1 Wr surwhfw wkhvh fhoov/ surwhfwlrq

ohyhov vxfk dv vxjjhvwhg lq vhfwlrq 81416 fdq eh xvhg1 Krzhyhu/ doo fhoov zlwk

ohvv wkdq irxu frqwulexwlrqv duh vhqvlwlyh ehfdxvh ri wkh qxpehu uxoh1 Fhoov zlwk

wkuhh frqwulexwlrqv pljkw dovr eh vhqvlwlyh ehfdxvh ri wkh grplqdqfh uxoh1 Lq

wklv odvw vlwxdwlrq/ djdlq surwhfwlrq ohyhov iurp vhfwlrq 81416 fdq eh xvhg1 Iru

fhoov zlwk wkuhh frqwulexwlrqv vdwlvi|lqj wkh grplqdqfh uxoh dqg iru fhoov zlwk

ohvv wkdq wkuhh frqwulexwlrqv/ dw ohdvw rqh srvlwlyh surwhfwlrq ohyho kdv wr eh fkr0

vhq1 Jlyhq wkh �qdo surwhfwlrq sdwwhuq/ lw zloo wkhq eh lpsrvvleoh wr fdofxodwh

wkh ydoxh ri wkh fhoo h{dfwo|1 Krzhyhu/ wklv grhv qrw phdq wkdw uhtxluhphqwv

frqfhuqlqj wkh frpelqdwlrq ri vxssuhvvhg fhoov duh phw1 Wkh surwhfwlrq sdwwhuq

fdq eh vxfk wkdw wzr fhoov/ hdfk zlwk rqh frqwulexwlrq/ duh xvhg wr surwhfw hdfk

rwkhu lq d urz ri wkh wdeoh1 Krzhyhu/ wkh ydoxh ri wkh frpelqdwlrq cfhoo* fdq

eh fdofxodwhg dqg lv frpsrvhg ri rqo| wzr frqwulexwlrqv1 Lq wkh ruljlqdo wdeoh/

wklv nlqg ri fhoo zrxog eh sulpdu| xqvdih +hdfk uhvsrqghqw fdq fdofxodwh wkh

rwkhu frqwulexwlrq h{dfwo|,1

Lq wklv h{dpsoh/ wkh sureohp wkdw vxssuhvvhg frpelqdwlrqv gr qrw vdwlvi| wkh

qxpehu uxoh frxog eh suhyhqwhg e| uhtxlulqj wkdw rqo| fhoov zlwk dw ohdvw wzr

frqwulexwlrqv pd| eh xvhg wr surwhfw rwkhu fhoov1 Ri frxuvh/ wkh h{dpsoh fdq

eh fkdqjhg hdvlo| e| uhtxlulqj d qxpehu08 uxoh/ vxfk wkdw wklv vroxwlrq grhv

qrw zrun dq| orqjhu1

Uhpdun1 Hyhq zkhq qr qxpehu uxoh lv xvhg lq frpelqdwlrq zlwk d vhqvlwlylw|

phdvxuh/ lw lv vwloo d jrrg lghd wr uhtxluh dw ohdvw wzr frqwulexwlrqv iru fhoov xvhg

wr surwhfw rwkhuv1 Wklv lv ehfdxvh d vlqjoh uhvsrqghqw wr d vshfl�f fhoo lv ri0

whq deoh wr fdofxodwh wkh ydoxhv ri wkh rwkhu vxssuhvvhg fhoov +dvvxplqj wkdw wkh

uhvsrqghqw nqrzv wkdw kh lv wkh rqo| rqh lq wkh fhoo,1 Lq sulqflsoh/ wklv uhtxluh0

phqw frxog eh xvhg lq KlWdV2DUJXV1 Lw lv dfklhyhg e| fkrrvlqj wkh d sulrul

erxqgv


ri wkh fhoo htxdo wr }hur li wkhuh lv rqo| rqh frqwulexwlrq +wkh surwhfwlrq

fdsdflw| lv vhw wr }hur,1 Wkhq/ wkh fhoo lv dxwrpdwlfdoo| h{foxghg iru wkh surwhf0

wlrq ri rwkhu fhoov1 Krzhyhu/ lq wkh fxuuhqw lpsohphqwdwlrq ri wkh vxssuhvvlrq

dojrulwkp/ wkh d sulrul erxqgv ri d fhoo qhhg wr eh odujhu wkdq wkh surwhfwlrq

ohyhov1 Wkdw phdqv wkdw xqvdih fhoov +zlwk vrph srvlwlyh surwhfwlrq ohyhov dqg

wkxv/ srvlwlyh d sulrul erxqgv, pd| eh xvhg wr surwhfw rwkhu xqvdih fhoov1 Wklv

krogv lq sduwlfxodu iru sulpdu| xqvdih fhoov zlwk rqo| rqh frqwulexwlrq1

Wkxv/ wkh fkrlfh ri surwhfwlrq ohyhov edvhg rq wkh vwuxfwxuh ri wkh fhoov lqyroyhg/

zloo qrw vx�fh wr hqvxuh wkdw hohphqwdu| djjuhjdwlrqv ri vxssuhvvhg fhoov zkrvh

ydoxhv fdq eh fdofxodwhg/ vdwlvi| wkh qxpehu uxoh1 Vwloo/ wkh fhoov zlwk wrr ihz
�
A�i @ Th�Lh� ML�?_t , � @?_ � � uLh Ui** � _i�?i @? �?|ih�@* dA � 3 , � c A � n� � o @hL�?_ |�i |L|@* Ui**

�@*�i A � � A��t �?|ih�@* UL?|@�?t |�i TLtt�M*i �@*�it |�@| @ Ui** 4@) @tt�4i |L ThL|iU| L|�ih

Ui**t� W| �t M@ti_ L? |�i �_i@ |�@| @||@U!iht ��** !?L� Uih|@�? ML�?_t uLh |�i Ui** �@*�it� 5ii

@*tL tiU|�L? .�

4;



frqwulexwlrqv kdyh wr eh surwhfwhg/ vr surwhfwlrq ohyhov kdyh wr eh fkrvhq1 Wkh

txhvwlrq lv zkdw ohyhov wkhq wr xvhB

Lqvwhdg ri rqo| xvlqj wkh lqwhuqdo vwuxfwxuh ri d fhoo/ wkh vwuxfwxuh ri rwkhu

fhoov fdq eh wdnhq lqwr dffrxqw1 Ri frxuvh/ wklv phdqv wkdw wklv lqirupdwlrq

kdv wr eh dydlodeoh1 Li wkdw lv wkh fdvh/ wkh iroorzlqj dssurdfk zloo jxdudqwhh

wkh frpsoldqfh zlwk wkh qxpehu uxoh iru frpelqdwlrqv ri vxssuhvvhg fhoov lq

wkh vdph gluhfwlrq ri wkh wdeoh/ dw ohdvw li wkh kroglqj sureohp +vhfwlrq :14, lv

ljqruhg1

Frqvlghu wkh fdvh zkhuh d qxpehu0Q uxoh lv xvhg lq frpelqdwlrq zlwk d olqhdu

vhqvlwlylw| phdvxuh1 Fkrrvh d fhoo l zklfk lv xqvdih ehfdxvh ri wkh qxpehu

uxoh +srvvleo| qrw vdih ehfdxvh ri wkh vhqvlwlylw| phdvxuh hlwkhu,1 Ghwhuplqh

wkh xsshu surwhfwlrq ohyho X � +ov, iru wkh fhoo dffruglqj wr wkh olqhdu vhqvlwlylw|

phdvxuh +vhh vhfwlrq 814,1 Frqvlghu doo frpelqdwlrqv ri wkh fhoo zlwk rwkhu fhoov

lq d vshfl�f gluhfwlrq g/ zlwk dw prvw Q � 4 frqwulexwlrqv +qrwh wkdw wkh rwkhu

fhoov lq wkh frpelqdwlrqv duh dovr xqvdih ehfdxvh ri wkh qxpehu uxoh,1 Ilqg wkh

frpelqdwlrq zkhuh wkh wrwdo ydoxh ri wkh h{wud fhoov +zlwkrxw wkh ydoxh ri wkh

xqvdih fhoo xqghu frqvlghudwlrq, lv pd{lpdo/ vd| Y � +g,1 Ohw X � +g, @ Y � +g,.% iru

vrph vpdoo srvlwlyh %1 Wkhq/ fkrrvh wkh xsshu surwhfwlrq ohyho ri wkh fhoo odujhu

ru htxdo wr pd{iX � +ov,>pd{� X � +g,j1 Wkxv/ rqo| frpelqdwlrqv ri vxssuhvvhg

fhoov zlwk pruh wkdq Q frqwulexwlrqv lq d vshfl�f gluhfwlrq zloo eh deoh wr

vdwlvi| wkh surwhfwlrq ohyho1

Ri frxuvh/ wklv dssurdfk zloo ohdg wr ryhusurwhfwlrq/ ehfdxvh wkh czruvw* frpel0

qdwlrq ri fhoov lpsrvhv d qhfhvvdu| uhvwulfwlrq lq d vshfl�f gluhfwlrq1 Krzhyhu/

lw dovr lpsrvhv wklv uhvwulfwlrq rq wkh rwkhu gluhfwlrqv zkhuh lw frxog eh wrr

odujh1

Wkh dssurdfk fdq eh lpsuryhg vrphzkdw e| frqvlghulqj iru d vshfl�f gluhf0

wlrq g +urz2froxpq2111, doo X+g,*v ri wkh sulpdu| xqvdih fhoov zlwk wrr ihz

frqwulexwlrqv lq wkdw gluhfwlrq dw rqfh1 Wkhq/ lw lv vx�flhqw wr dvvljq rqo| rqh

ri wkhvh fhoov d surwhfwlrq ohyho ri dw ohdvw lwv fruuhvsrqglqj X � +g, wr hqvxuh

wkdw wkh frpelqdwlrq ri vxssuhvvhg fhoov lq wkdw gluhfwlrq zloo vdwlvi| wkh qxp0

ehu uxoh1 Wr dyrlg dv pxfk ryhusurwhfwlrq dv srvvleoh/ wkh vpdoohvw X � +g, fdq

eh fkrvhq1 Wkh X+g,*v ri wkh rwkhu fhoov lq wkdw gluhfwlrq fdq eh vhw wr }hur1

Lw lv srvvleoh wkdw rqh ri wkhvh rwkhu fhoov douhdg| kdg d srvlwlyh surwhfwlrq

ohyho fdxvhg e| d X+g
�

, iurp dqrwkhu gluhfwlrq g
�

1 Li wklv X+g
�

, lv odujhu wkdq

wkh rqh qhhghg lq gluhfwlrq g iru wklv fhoo/ wklv fhoo fdq eh fkrvhq wr dvvljq d

srvlwlyh X+g, lqvwhdg ri wkh fhoo zlwk wkh vpdoohvw X+g,1 Diwhu dvvljqlqj hdfk

fhoo lq wkh wdeoh d X+g, iru hyhu| gluhfwlrq g/ wkh dfwxdo xsshu surwhfwlrq ohyhov

duh fkrvhq dv pd{iX � +ov,>pd{� X � +g,j iru hyhu| fhoo l1 Wr hqvxuh vxssuhvvhg

frpelqdwlrqv zklfk duh vdih dffruglqj wr wkh qxpehu uxoh/ lw lv qrw qhfhvvdu|

wr dvvljq srvlwlyh orzhu surwhfwlrq ohyhov1 Ri frxuvh/ srvlwlyh orzhu surwhfwlrq

ohyhov pd| eh qhhghg iru wkh olqhdu vhqvlwlylw| phdvxuh xvhg1
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Wkh KlWdV dssurdfk lv xvhg iru wkh surwhfwlrq ri klhudufklfdo wdeohv e| d wrs0

grzq dssurdfk1 D klhudufklfdo wdeoh lv glylghg lqwr vxe0wdeohv/ zklfk duh sur0

whfwhg vhsdudwho|1 Krzhyhu/ vhfrqgdu| vxssuhvvlrqv irxqg lq vrph vxe0wdeoh

qhhg wr eh surwhfwhg lq doo rwkhu vxe0wdeohv zkhuh wkh| rffxu1 Wklv phdqv

wkdw wkh| sod| wkh uroh ri sulpdu| xqvdih fhoov lq wkh rwkhu vxe0wdeohv1 Qrwh/

wkdw lw lv srvvleoh wkdw wkh| rffxu lq vxe0wdeohv zklfk zhuh douhdg| surwhfwhg1

Wkhq/ wkhvh vxe0wdeohv kdyh wr eh surwhfwhg dqhz/ wdnlqj lqwr dffrxqw wkh h{wud

vxssuhvvlrqv1

Wr irufh KlWdV wr surwhfw fhoov vx�flhqwo| zklfk duh vhfrqgdu| vxssuhvvhg lq

dqrwkhu vxe0wdeoh/ vrph srvlwlyh surwhfwlrq ohyhov kdyh wr eh fkrvhq1 Rq �uvw

vljkw/ wkhvh surwhfwlrq ohyhov vkrxog eh fkrvhq vxfk wkdw wkh| jxdudqwhh wkh

ohyho ri surwhfwlrq iru wkh sulpdu| xqvdih fhoov iru zkrvh surwhfwlrq wkh| duh

vxssuhvvhg1

Iru h{dpsoh/ frqvlghu d wzr0glphqvlrqdo wdeoh zlwk rqo| rqh sulpdu| xqvdih

fhoo zlwk xsshu surwhfwlrq ohyho htxdo wr 43 dqg orzhu surwhfwlrq ohyho htxdo wr 81

Ohw wkh �qdo vxssuhvvlrq sdwwhuq frqvlvw ri wkh irxu fruqhu srlqwv ri d uhfwdqjoh/

zlwk wkh sulpdu| xqvdih fhoo dv fruqhu 4/ dqg wkh wkuhh vhfrqgdu| vxssuhvvlrqv

forfnzlvh qxpehuhg dv 5/ 6/ dqg 71 Wkhq/ vxssuhvvlrqv 5 dqg 7 zloo eh deoh wr

ydu| ehwzhhq ^W � � 43> W � . 8` zlwk W � wkh wrwdo ydoxh ri vxssuhvvlrq l1 D jrrg

fkrlfh iru wkhlu xsshu dqg orzhu surwhfwlrq ohyhov zrxog eh 8 dqg 43 uhvshfwlyho|1

Vxssuhvvlrq 6 krzhyhu/ qhhgv wr ydu| ehwzhhq ^W 
 � 8> W 
 . 43`/ vr wkh xsshu

dqg orzhu surwhfwlrq ohyhov fdq eh fkrvhq dv 43 dqg 8 uhvshfwlyho|1

Xqiruwxqdwho|/ wkh lqirupdwlrq xvhg wr fkrrvh wkh vhfrqgdu| surwhfwlrq ohyhov

lq wkh h{dpsoh lv qrw dydlodeoh zlwklq KlWdV1 Wkh phwkrg xvhg wr �qg wkh

vhfrqgdu| vxssuhvvlrqv grhv qrw jlyh lqirupdwlrq derxw wkh dprxqw ri yduldelo0

lw| qhhghg lq wkh vhfrqgdu| vxssuhvvlrqv1 Hyhq zruvh/ wkhuh lv qr lqirupdwlrq

dydlodeoh derxw zklfk sulpdu| xqvdih fhoov kdyh fdxvhg wkh vhfrqgdu| vxssuhv0

vlrqv1 Lw lv hyhq srvvleoh wkdw wkh vdph vhfrqgdu| vxssuhvvlrq lv xvhg iru wkh

surwhfwlrq ri gl�huhqw sulpdu| xqvdih fhoov1 Wkxv/ lw lv qrw srvvleoh wr fkrrvh

surwhfwlrq ohyhov lq wklv zd|1

D srvvleoh dssurdfk wr fkrrvh surwhfwlrq ohyhov frxog eh edvhg rq wkh ihdvlelo0

lw| lqwhuydov ri wkh vhfrqgdu| vxssuhvvlrqv1 Wkhvh lqwhuydov fdq eh fdofxodwhg

e| vroylqj wzr olqhdu surjudpplqj sureohpv iru hdfk vhfrqgdu| vxssuhvvlrq1

Dsduw iurp wkh dprxqw ri wlph wklv zloo wdnh/ wkh ihdvlelolw| lqwhuydov pljkw eh

pxfk odujhu wkdq uhdoo| qhhghg iru wkh surwhfwlrq ri wkh sulpdu| xqvdih fhoov1

Xvlqj wkhvh erxqgv iru surwhfwlrq ohyhov zrxog ohdg wr ryhusurwhfwlrq dqg wkxv/

wklv lv qr jrrg vroxwlrq hlwkhu1

Vwloo/ vrph fkrlfh iru wkh surwhfwlrq ohyhov kdv wr eh pdgh1 D srvvleoh khxulvwlf

lwhudwlyh dssurdfk lv wkh iroorzlqj1 Diwhu surwhfwlqj d vxe0wdeoh/ doo vhfrqgdu|
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vxssuhvvlrqv duh dvvljqhg dq xsshu surwhfwlrq ohyho htxdo wr wkh pd{lpxp ri

wkh xsshu dqg orzhu surwhfwlrq ohyhov ri wkh vxssuhvvhg fhoov +sulpdu| dqg

vhfrqgdu|, orfdwhg lq wkh vdph gluhfwlrq+urz2froxpq2111, ri wkh wdeoh1 Wkhq/

wkh orzhu surwhfwlrq ohyho ri hdfk vhfrqgdu| vxssuhvvlrq lv wdnhq htxdo wr lwv

xsshu surwhfwlrq ohyho1 Wklv surfhgxuh lv uhshdwhg xqwlo qr pruh fkdqjhv wdnh

sodfh1 Zlwk wklv surfhgxuh/ wkh pdujlqdo hqwulhv lq wkh wdeoh duh vhhq dv sduw

ri wkh urz2froxpq2111 xqghu frqvlghudwlrq1

Wkh khxulvwlf fdq eh dffhohudwhge| vlpsoli|lqj lw hyhq ixuwkhu1 Wklv fdq eh grqh

e| dvvljqlqj hdfk vhfrqgdu| vxssuhvvhg fhoo dq xsshu surwhfwlrq ohyho htxdo wr

wkh pd{lpxp ri wkh xsshu dqg orzhu surwhfwlrq ohyhov ri doo wkh sulpdu| xqvdih

fhoov lq wkh wdeoh1 Wkhq/ wkh orzhu surwhfwlrq ohyho lv wdnhq htxdo wr lwv xsshu

surwhfwlrq ohyho1

Wkhvh khxulvwlf surfhgxuhv duh yhu| idvw +frpsduhg wr wkh vroylqj ri olqhdu

surjudpplqj sureohpv,/ exw suredeo| ohdg wr ryhusurwhfwlrq1 Lq wkh �uvw sodfh/

wklv lv fdxvhg e| fkrrvlqj wkh orzhu dqg xsshu surwhfwlrq ohyhov v|pphwulfdoo|

durxqg wkh fhoo ydoxh1 Lq wkh vhfrqg sodfh/ vhfrqgdu| vxssuhvvlrqv fdq jhw

dvvljqhg surwhfwlrq ohyhov iurp sulpdu| xqvdih fhoov iru zklfk wkh| duh qrw

xvhg lq wkh surwhfwlrq sdwwhuq1 Iru h{dpsoh/ wkh rqo| uhdvrq wkdw d vhfrqgdu|

vxssuhvvlrq lv vxssuhvvhg/ pljkw eh iru wkh surwhfwlrq ri d sduwlfxodu sulpdu|

xqvdih fhoo zlwk xsshu dqg orzhu surwhfwlrq ohyhov X dqg O1 Krzhyhu/ li wklv

vhfrqgdu| vxssuhvvlrq lv orfdwhg lq d urz2froxpq2111/ zkhuh rwkhu vhfrqgdu| ru

sulpdu| vxssuhvvlrqv fdq eh irxqg zlwk odujhu xsshu ru orzhu surwhfwlrq ohyhov/

wkh surwhfwlrq ohyhov ri wkh vhfrqgdu| vxssuhvvlrq zloo jhw dvvljqhg wkhvh odujhu

ydoxhv1

.� Nti Lu @ Th�Lh� ML�?_t

Iru wkh surwhfwlrq ri xqvdih fhoov/ surwhfwlrq lqwhuydov duh fkrvhq1 Wkh phwkrg

xvhg lq KlWdV2DUJXV wkhq �qgv sdwwhuqv vxfk wkdw wkh ihdvlelolw| lqwhuydov

frqwdlq wkhvh surwhfwlrq lqwhuydov1 Wklv phdqv wkdw rwkhu vxssuhvvhg +vdih,

fhoov pxvw kdyh d srvvleoh yduldelolw| vxfk wkdw wkh ghvluhg surwhfwlrq ohyhov iru

wkh xqvdih fhoov duh phw1 Lq sulqflsoh/ lw lv srvvleoh wkdw d vxssuhvvhg vdih fhoo

pxvw eh deoh wr dvvxph ydoxhv ehwzhhq }hur dqg d odujh srvlwlyh ydoxh1 Wkhvh

ydoxhv frxog eh yhu| lpsuredeoh1 Riwhq/ rxwvlghuv nqrz iru h{dpsoh/ zklfk

fhoov lq d wdeoh duh qrw htxdo wr }hur1 Wkhuhiruh/ wkh phwkrg ri KlWdV2DUJXV

xvhv d sulrul erxqgv rq wkh fhoo ydoxhv1 Wkhvh duh xvhg wr prgho d uhdolvwlf

lqwhuydo ri yduldelolw| ri d vxssuhvvhg fhoo1 Dqrwkhu lqwhusuhwdwlrq lv wkdw wkhvh

erxqgv prgho wkh dprxqw ri surwhfwlrq wkdw wklv fhoo fdq jlyh dqrwkhu fhoo1

Wkxv/ iru hdfk fhoo l/ wkh qrq0qhjdwlyh d sulrul erxqgv o � dqg x � gh�qh dq

lqwhuydo ^W � � o � > W � . x � ` durxqg wkh wrwdo fhoo ydoxh W � 1 Wklv lqwhuydo frqwdlqv

wkh srvvleoh ydoxhv wkdw d fhoo pd| dvvxph wr surwhfw rwkhu fhoov1
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Wklv odvw lqwhusuhwdwlrq ohdgv wr wkh zlvk wr vhw wkhvh erxqgv htxdo wr }hur iru

fhoov zlwk rqo| rqh uhvsrqghqw1 Qdpho|/ li vxfk d fhoo lv xvhg lq d surwhfwlrq

sdwwhuq dqg wkh uhvsrqghqw nqrzv kh lv wkh rqo| uhvsrqghqw lq wkh fhoo/ kh

frxog srvvleo| xqudyho d sduw ri ru wkh zkroh surwhfwlrq sdwwhuq1 Ixuwkhupruh/

lw fdq eh dvvxphg wkdw iru sulpdu| xqvdih fhoov wkh d sulrul erxqgv +dw ohdvw wkh

orzhu erxqgv, duh ghvluhg wr eh vpdoo1 Krzhyhu/ wkh fxuuhqw lpsohphqwdwlrq ri

wkh phwkrg lq KlWdV uhtxluhv wkdw wkh surwhfwlrq lqwhuydo lv frqwdlqhg lq wkh d

sulrul lqwhuydo1 Wklv phdqv wkdw iru wkh wlph ehlqj/ wklv fkrlfh lv qrw srvvleoh1

Krzhyhu/ lq wkh ixwxuh wklv uhvwulfwlrq zloo suredeo| eh uhpryhg1

Li wklv uhvwulfwlrq lv lqghhg holplqdwhg/ wkhuh lv vwloo d srlqw ri lqwhuhvw1 E|

fkrrvlqj d sulrul lqwhuydov zlwk ohqjwk }hur iru fhoov zlwk rqh uhvsrqghqw/ wkhvh

fhoov fdqqrw eh xvhg wr surwhfw rwkhu fhoov1 Krzhyhu/ li lq hdfk glphqvlrq ri wkh

wdeoh/ dw ohdvw wzr rwkhu fhoov duh vxssuhvvhg/ wkh uhvsrqghqw zloo qrw eh deoh

wr xqudyho wkh surwhfwlrq sdwwhuq1 E| wkh fkrlfh ri wkh }hur d sulrul erxqgv/

wklv srvvleoh surwhfwlrq sdwwhuq lv h{foxghg dqg wkxv/ vrph ryhusurwhfwlrq pd|

uhvxow1

Dsduw iurp wkh ghvluh wr fkrrvh vpdoo ru }hur erxqgv iru xqvdih fhoov/ d sulrul

erxqgv pxvw eh dvvljqhg wr wkh vdih fhoov1 Li wkh kroglqj sureohp lv ljqruhg

+vhh vhfwlrq :14,/ vhyhudo fkrlfhv duh srvvleoh1 Iru h{dpsoh/ erxqgv gh�qlqj d

83 wr 483 shufhqw lqwhuydo durxqg wkh fhoo ydoxh vhhp uhdvrqdeoh1 Krzhyhu/ iru

wkh fkrlfh ri wkh orzhu erxqg lw pd| eh zlvh wr wdnh wkh vl}h ri wkh odujhvw

frqwulexwlrq lqwr dffrxqw1 Wkh d sulrul orzhu erxqg vkrxog eh vxfk wkdw wkh

fhoo ydoxh fdqqrw ehfrph vpdoohu wkdq lwv odujhvw frqwulexwlrq1 Rwkhuzlvh/ li

wkh orzhu erxqg lv uhdoo| qhfhvvdu| lq d surwhfwlrq sdwwhuq/ wkh sdwwhuq zloo qrw

eh vdih zlwk uhvshfw wr wkh uhvsrqghqw ri wklv odujhvw frqwulexwlrq1 Wklv nlqg

ri sureohp grhv qrw rffxu iru wkh fkrlfh ri d sulrul xsshu erxqgv1

:141 Kroglqj sureohp

Lq wklv qrwh/ dq lpsruwdqw sureohp lq wkh surwhfwlrq ri wdeohv lv ljqruhg xs wloo

qrz1 Wklv lvvxh lv wkh vr0fdoohg kroglqj sureohp/ dqg lv fdxvhg e| uhvsrqghqwv

frqwulexwlqj wr gl�huhqw fhoov1 Lq vrph fdvhv/ wkhvh frqwulexwlrqv fdq eh vhhq

dv gl�huhqw rqhv/ lq rwkhu fdvhv/ wkhvh frqwulexwlrqv kdyh wr eh dgghg dqg duh

vhhq dv rqh frqwulexwlrq1 Iru h{dpsoh/ d frpsdq| zlwk gl�huhqw eudqfkhv lq

gl�huhqw uhjlrqv pd| frqwulexwh wr gl�huhqw fhoov lq d vxe0wdeoh fruuhvsrqglqj

wr wkhvh gl�huhqw uhjlrqv1 Krzhyhu/ lq d pdujlqdo fhoo ri wkh vxe0wdeoh/ wkhvh

frqwulexwlrqv fdq eh vhhq dv frplqj iurp wkh vdph frpsdq|/ vr wkh| kdyh wr eh

dgghg dqg frxqwhg dv rqh frqwulexwlrq1 Wklv lv lpsruwdqw/ ehfdxvh prvw uxohv

wr ghwhuplqh zkdw fhoov duh sulpdu| xqvdih xvh lqirupdwlrq derxw wkh qxpehu

dqg wkh vl}h ri wkh frqwulexwlrqv lq d fhoo1 Wklv phdqv wkdw d fhuwdlq dprxqw ri

lqirupdwlrq derxw wkh plfurgdwd xqghuo|lqj d wdeoh kdv wr eh nqrzq1 Lw lv qrw

vx�flhqw wr nqrz wkh vl}hv ri wkh frqwulexwlrqv/ exw wkh uhvsrqghqwv wkhpvhoyhv
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pxvw eh nqrzq wrr1 Li wklv lqirupdwlrq lv qrw dydlodeoh/ lw lv qrw srvvleoh wr

wdnh wkh kroglqj sureohp lqwr dffrxqw1

Li wkh ghvluhg lqirupdwlrq derxw wkh plfurgdwd lv dydlodeoh/ wkh wdeoh fdq eh

exlow xvlqj wklv gdwd/ zkloh dw wkh vdph wlph ghwhuplqlqj zkdw fhoov duh sulpdu|

xqvdih1 Wkxv/ iru wkh ghwhuplqdwlrq ri wkh sulpdu| xqvdih fhoov/ wkhuh qhhg qrw

eh d sureohp1 Krzhyhu/ wkhuh lv qr surylvlrq lq wkh surwhfwlrq phwkrg lq Kl0

WdV2DUJXV wr fkhfn li fdqglgdwhv iru vhfrqgdu| vxssuhvvlrq kdyh frpprq

uhvsrqghqwv zlwk wkh sulpdu| xqvdih fhoov1 Qhyhuwkhohvv/ lq �qglqj vdih surwhf0

wlrq sdwwhuqv/ wkh lqirupdwlrq lv vwloo yhu| lpsruwdqw1

Wr looxvwudwh wkh qhhg iru wklv lqirupdwlrq/ frqvlghu wkh iroorzlqj h{dpsoh1 Vxs0

srvh wkhuh lv d wzr0glphqvlrqdo wdeoh zlwk wkh +4> :8,0grplqdqfh uxoh1 Wkhuh lv

rqo| rqh sulpdu| xqvdih fhoo zlwk frqwulexwlrqv :8/ 48 dqg 81 Dffruglqj wr +49,/

wklv fhoo qhhgv dq xsshu surwhfwlrq ohyho ri dw ohdvw 81 Vxssrvh wkdw wkh �qdo

surwhfwlrq sdwwhuq frqwdlqv rqo| rqh vhfrqgdu| fhoo lq wkh vdph urz dv wkh sul0

pdu| xqvdih rqh1 Wkh frqwulexwlrqv ri wklv fhoo duh 53/ 8 dqg 81 Reylrxvo|/ wklv

fhoo lv vdih dqg zkhq wkh kroglqj sureohp lv ljqruhg/ wkh frpelqdwlrq ri wkhvh

wzr fhoov zrxog eh vdih wrr dffruglqj wr wkh grplqdqfh uxoh xvhg1 Krzhyhu/

qrw ljqrulqj wkh kroglqj sureohp dqg dvvxplqj wkdw wkh odujhvw frqwulexwlrqv

lq erwk fhoov ruljlqdwhg iurp wkh vdph uhvsrqghqw/ wkh frpelqdwlrq fhoo lv qrw

vdih1 Qdpho|/ wkh odujhvw frqwulexwlrq lv htxdo wr :8.53 @ <8 dqg wklv lv htxdo

wr :9 shufhqw ri wkh wrwdo ydoxh ri wkh frpelqhg fhoo1 Wkxv/ wklv lv d vxssuhvvlrq

sdwwhuq wr eh suhyhqwhg1

Frqvlghulqj wkh idfw wkdw wkh surwhfwlrq phwkrg fdqqrw xvh lqirupdwlrq derxw

sduwlfxodu uhvsrqghqwv/ dqrwkhu dssurdfk lv qhhghg1 Lw pljkw eh srvvleoh wr

rewdlq d surwhfwlrq sdwwhuq zlwkrxw wkh sureohpv dv lq wkh suhylrxv h{dpsoh

e| fkrrvlqj wkh uljkw d sulrul erxqgv1 Wklv lv grqh lq wkh iroorzlqj zd|1 Li d

fhoo lv vdih dffruglqj wr wkh olqhdu vhqvlwlylw| phdvxuh xvhg/ wkh vpdoohvw ydoxh

ri wkh fhoo wrwdo lv frpsxwhg iru zklfk wkh fhoo zrxog vwloo eh vdih1 Iru wkh s0t

uxoh/ wklv zrxog eh htxdo wr W .
�
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Wklv ydoxh lv vxewudfwhg iurp wkh wrwdo fhoo ydoxh1 Wkh uhvxow U lv fdoohg wkh

surwhfwlrq fdsdflw| dqg zloo eh srvlwlyh/ ehfdxvh wkh fhoo lv vdih1 Wkh dprxqw U

fdq eh xvhg iru surwhfwlrq ri rwkhu fhoov/ zlwkrxw fdxvlqj sureohpv ehfdxvh

ri mrlqw uhvsrqghqwv1 Qdpho|/ frqvlghu wkh fdvh ri d frpelqdwlrq ri wzr fhoov/

rqh sulpdu| xqvdih dqg rqh vdih1 Wkhq/ wkh zruvw fdvh iru wkh vdihw| ri wkh

frpelqdwlrq fhoo rffxuv li wkh uhvsrqghqw ri wkh l0wk odujhvw frqwulexwlrq ri

hdfk fhoo lv wkh vdph iru doo l1 Ohw U eh gh�qhg dv deryh iru wkh vdih fhoo

dqg gh�qh U� dqg U � dqdorjxrxvo| iru wkh xqvdih fhoo +qrwh wkdw U� zloo eh

qhjdwlyh, dqg wkh frpelqdwlrq fho1 Wkhq/ U � � U . U� iru doo srvvlelolwlhv ri

�
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uhvsrqghqwv/ zlwk htxdolw| lq wkh zruvw fdvh zlwk wkh vdph uhvsrqghqwv iru wkh

rughuhg frqwulexwlrqv1 Ri frxuvh/ wkh vdph dujxphqw fdq eh xvhg zlwk pruh

wkdq rqh vdih fhoo1 Qrwh/ wkdw wklv dssurdfk zrunv ehfdxvh ri wkh vxedgglwlylw|

ri olqhdu vhqvlwlylw| phdvxuhv1

Wr uhvwulfw wkh dprxqw ri wkh fhoo ydoxhv wr eh xvhg iru surwhfwlrq ri rwkhu

fhoov/ wkh orzhu d sulrul erxqgv ri doo fhoov fdq eh fkrvhq htxdo wr ru vpdoohu

wkdq wkh U lqyroyhg1 Ri frxuvh/ wkhvh erxqgv vkrxog eh qrq0qhjdwlyh/ wkxv li

U lv qhjdwlyh/ d orzhu erxqg ri }hur lv fkrvhq1 Wklv phdqv wkdw xqvdih fhoov

uhfhlyh orzhu d sulrul erxqgv htxdo wr }hur1 Lq wkh suhylrxv h{dpsoh/ iru wkh

vdih fhoo U @ 63�
� �����

� � � 53
�

@ 6
�

 1 E| vhwwlqj wkh orzhu d sulrul erxqg ri wkh

vhfrqgdu| fhoo htxdo wr U/ wkh fhoo rq lwv rzq fdq qrw jlyh hqrxjk surwhfwlrq wr

wkh sulpdu| xqvdih fhoo +ehfdxvh wkh vhfrqgdu| vxssuhvvlrq vkrxog eh deoh wr

ghfuhdvh dw ohdvw 8, dqg dqrwkhu surwhfwlrq sdwwhuq zloo eh irxqg1

Qrwh wkdw zlwk wklv dssurdfk/ fhoov zlwk rqo| rqh uhvsrqghqw uhfhlyh orzhu d

sulrul erxqgv htxdo wr }hur1 Wkxv/ wkhvh fhoov zloo qhyhu eh xvhg wr surwhfw

rwkhu fhoov1 Krzhyhu/ wr lpsohphqw wklv dssurdfk lq KlWdV/ wkh phwkrg iru wkh

surwhfwlrq ri vxe0wdeohv qhhgv wr eh dgdswhg wr doorz fhoov zlwk vpdoohu d sulrul

erxqgv wkdq surwhfwlrq ohyhov +vhh dovr wkh uhpdun lq vhfwlrq 816,1 Pruhryhu/

wklv dssurdfk irfxvhv rq wkh olqhdu vhqvlwlylw| phdvxuh xvhg dqg grhv qrw vroyh

sureohpv ruljlqdwlqj iurp xvlqj d qxpehu uxoh1

Wkh gudzedfn ri wklv dssurdfk lv wkdw lw pd| ohdg wr ryhusurwhfwlrq1 Lq prvw

fdvhv/ wkh uhvsrqghqwv lq wzr gl�huhqw fhoov zloo eh gl�huhqw iurp hdfk rwkhu1

Krzhyhu/ wkh uhvwulfwlrq rq wkh d sulrul orzhu erxqgv lv edvhg rq wkh zruvw fdvh

vlwxdwlrq zkhuh wkh w0wk odujhvw frqwulexwlrqv lq gl�huhqw fhoov duh surylghg e|

wkh vdph uhvsrqghqw iru doo w lqyroyhg lq wkh vhqvlwlylw| phdvxuh xvhg1 Wkxv/

wkh d sulrul erxqgv pd| eh wrr uhvwulfwlyh1 Wklv fdq eh lpsuryhg li wkh orzhu

erxqgv duh fdofxodwhg dw wkh wlph wkdw wkh wdeoh lv exlow1 Wkhq/ lw zrxog eh

srvvleoh wr fkhfn li wkh vdph uhvsrqghqwv rffxu lq gl�huhqw fhoov ri d wdeoh1 Li

wkdw lv wkh fdvh/ wkdq rqo| wkh d sulrul orzhu erxqgv ri wkrvh fhoov duh uhvwulfwhg

lq wkh zd| ghvfulehg1

:151 Vxssuhvvlrq ri cvdih* fhoov dqg sxeolfdwlrq ri cxqvdih* fhoov

Iru vrph uhdvrqv/ lw lv srvvleoh wkdw fhoov zklfk duh vdih dffruglqj wr wkh uxohv

xvhg/ pd| qrw eh sxeolvkhg iru dqrwkhu uhdvrq1 Iru h{dpsoh/ ehfdxvh wklv ydoxh

lv vxssuhvvhg lq dqrwkhu wdeoh +qrw d sduw ri wkh vdph klhudufklfdo wdeoh/ wkhq wkh

wdeohv duh olqnhg, iru wkh surwhfwlrq ri rwkhu fhoov1 Zlwk KlWdV2DUJXV/ wklv

fdq eh dfklhyhg e| dvvljqlqj wklv fhoo wkh vwdwxv sulpdu| xqvdih dqg fkrrvlqj dw

ohdvw rqh srvlwlyh surwhfwlrq ohyho1 Hyhu| fkrlfh ri d srvlwlyh ydoxh zloo vx�fh

wr lqfoxgh wkh fhoo lq wkh vxssuhvvlrq sdwwhuq dqg hqvxulqj wkdw lw fdqqrw eh

fdofxodwhg h{dfwo|1 Krzhyhu/ li d yhu| vpdoo surwhfwlrq ohyho lv fkrvhq/ lw pljkw
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eh srvvleoh wr fdofxodwh wkh fhoo doprvw h{dfwo|1 Wkhuhiruh/ wkh fkrlfh ri wkh

surwhfwlrq ohyhov vkrxog ghshqg rq wkh uhdvrq iru wkh vxssuhvvlrq1

Rq wkh rwkhu kdqg/ vrph fhoov zklfk duh xqvdih dffruglqj wr wkh uxohv xvhg/ vwloo

kdyh wr eh sxeolvkhg1 Wklv lv hdvlo| dfklhyhg ehfdxvh KlWdV2DUJXV surylghv

wkh srvvlelolw| wr dvvljq fhoov wkh vwdwxv csxeolvkhg*/ zklfk zloo hqvxuh wkdw wkhvh

fhoov duh qrw vxssuhvvhg1 Dowhuqdwlyho|/ sxeolfdwlrq ri d fhoo fdq eh dfklhyhg e|

dvvljqlqj wkh vwdwxv cvdih* dqg vhwwlqj doo surwhfwlrq ohyhov dqg wkh d sulrul

erxqgv htxdo wr }hur1 Wkh odvw dfwlrq lv qhhghg wr hqvxuh wkdw wkh fhoo lv qrw

xvhg dv vhfrqgdu| vxssuhvvlrq1
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D �qdo vxemhfw lq wklv qrwh lv frqfhuqhg zlwk fhoov frqvlvwlqj ri frqwulexwlrqv

zlwk zhljkwv1 Xs wloo qrz/ hdfk fhoo lv dvvxphg wr eh frpsrvhg ri d qxpehu

ri +srvvleo| rqh, srvlwlyh frqwulexwlrqv e| gl�huhqw uhvsrqghqwv1 Wkh wrwdo

fhoo ydoxh lv rewdlqhg e| vxpplqj wkh lqglylgxdo frqwulexwlrqv1 Wkh vl}h dqg

qxpehu ri wkhvh frqwulexwlrqv duh xvhg lq ghwhuplqlqj wkh vdihw| ri wkh fhoov1

Krzhyhu/ lq sudfwlfh/ fhoov duh riwhq fdofxodwhg dv wkh vxp ri zhljkwhg frq0

wulexwlrqv1 Iru h{dpsoh/ lq wkh fdvh zkhuh wkh lqirupdwlrq lv jdwkhuhg e| d

vxuyh|1 Wkhq/ rqh odujh frqwulexwlrq pd| eh uhsuhvhqwdwlyh iru wkh frqwulex0

wlrqv ri vhyhudo rwkhu uhvsrqghqwv zklfk glg qrw rffxu lq wkh vdpsoh dqg wklv

rqh frqwulexwlrq jhwv d zhljkw odujhu wkdq rqh1

Lw lv srvvleoh wr wudqvirup wkh fdvh zlwk zhljkwhg frqwulexwlrqv wr wkh cqru0

pdo* vlwxdwlrq li doo zhljkwv duh srvlwlyh1 Wkhq/ prvw ri wkh wrslfv glvfxvvhg lq

wklv qrwh duh vwloo ydolg1 Li doo zhljkwv duh lqwhjhu/ wkh wudqvirupdwlrq lv vlp0

soh1 Hdfk frqwulexwlrq lv gxsolfdwhg dffruglqj wr lwv zhljkw/ vxfk wkdw gl�huhqw

frqwulexwlrqv zlwk wkh vdph ydoxh duh fuhdwhg1 Iru h{dpsoh/ d frqwulexwlrq

zlwk ydoxh 433 dqg zhljkw 8 wudqvirupv lqwr �yh gl�huhqw frqwulexwlrqv zlwk

ydoxh 4331 Wklv zd|/ wkh qxpehu dqg vl}h ri frqwulexwlrqv lv nqrzq1 Krzhyhu/

wkh uhvsrqghqwv ri wkh gl�huhqw frqwulexwlrqv duh qr orqjhu nqrzq1 Wkh uh0

vsrqghqw ri wkh zhljkwhg frqwulexwlrq fdq eh olqnhg wr rqo| rqh ri wkh fuhdwhg

frqwulexwlrqv1 Wkh uhvsrqghqwv ri wkh rwkhu frqwulexwlrqv duh xqnqrzq1

Lq wkh fdvh zlwk qrq0lqwhjhu zhljkwv/ wkh vdph nlqg ri dssurdfk frxog eh xvhg1

E| wuxqfdwlqj hdfk qrq0lqwhjhu zhljkw wr wkh qhduhvw orzhu lqwhjhu/ wkh frqwul0

exwlrqv fdq eh gxsolfdwhg lq wkh zd| deryh1 Wkh ghflpdo sduw ri wkh zhljkw

lv wudqviruphg lqwr rqh frqwulexwlrq zlwk wkh ydoxh htxdo wr wkh ruljlqdo ydoxh

wlphv wklv ghflpdo sduw1 Iru h{dpsoh/ d frqwulexwlrq zlwk ydoxh 433 dqg zhljkw

8158 lv wudqviruphg lqwr �yh frqwulexwlrqv zlwk ydoxh 433 dqg rqh frqwulexwlrq

zlwk ydoxh 58 +@ 433 � 3=58,1
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Ilvfkhwwl/ P1 ) Vdod}du0Jrq}�doh}/ M1M1 +4<<;,1 Prghov dqg dojrulwkpv iru rs0

wlpl}lqj fhoo vxssuhvvlrq lq wdexodu gdwd zlwk olqhdu frqvwudlqwv1 Uhsruw/

Xqlyhuvlw| ri Od Odjxqd/ Whqhulih1

Zddo/ W1 gh +5333,1 Yrruvwho wrw wdehoehyhloljlqj jhedvhhug rs FRQILG hq DFV1

Frqfhsw qrwd/ FEV/ Yrruexuj1

Zroi/ S10S1 gh +4<<<,1 D khxulvwlf dssurdfk wr fhoo0vxssuhvvlrq lq klhudufklfdo

wdeohv1 Uhvhdufk sdshu qr1 <<46/ FEV/ Yrruexuj1
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